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Preface

A mathematical problem should be difficult in order to entice us,
yet not completely inaccessible, lest it mock at our efforts.

(David Hilbert)

The most fascinating mathematical problems share two properties. On the one hand,
they are easy to understand and can be expressed in simple terms. On the other hand,
they are difficult to solve. Probably the best-known example for such a problem is
Fermat’s Last Theorem: No three positive integers a, b, and c can satisfy the equa-
tion an + bn = cn for any integer value of n greater than 2. Whereas Fermat’s con-
jecture is easy to understand, this is certainly not true for the proof given by Andrew
Wiles not less than 358 years after Fermat raised his famous conjecture. A less-
famed but still fascinating mathematical problem which also goes back to Fermat is
the Fermat–Torricelli problem: Given three fixed points in the plane, find a fourth
point such that the sum of distances between the new point and the fixed points is
minimal. A natural generalization of the Fermat–Torricelli problem is the following
problem: Given a set of fixed points in a normed space, find a hypersphere such
that the sum of distances between the hypersphere and the fixed points is minimal.
This generalization of the Fermat–Torricelli problem is called minisum hypersphere
problem. The minisum hypersphere problem can be stated in simple terms but there
is no elementary way to solve the problem in general. Hence, the problem fulfills
both necessary conditions of a fascinating mathematical problem. Even though these
conditions are not sufficient, in my opinion the minisum hypersphere problem is a
very interesting mathematical problem. This text presents my research on the min-
isum hypersphere problem with the intention to inspire the reader for the problem.

A brief outline of the text is given in the following.

• In Chapter 1 a short introduction to the minisum hypersphere problem is given.
Related problems and applications of the minisum hypersphere problem are pre-
sented. Furthermore, notations are defined and a survey on the mathematical pre-
liminaries is given. Finally, the concept of a finite dominating set which provides
a bridge between continuous and discrete optimization is introduced.

• Chapter 2 is devoted to the Euclidean version of the minisum hypersphere prob-
lem, i.e., hyperspheres are defined with respect to the Euclidean norm and dis-
tances between a hypersphere and the fixed points are also measured in the
Euclidean norm.

v



vi Preface

• In Chapter 3 the case is considered where a hypersphere is defined with respect
to an arbitrary norm ‖ · ‖ and distances are measured in the same norm ‖ · ‖. In
Section 3.6 the problem under polyhedral norms is discussed for the planar case
and a description of optimal solutions is presented.

• In Chapter 4 a slightly different setting is considered. A norm ‖·‖ in R
2 is used in

order to define hyperspheres. But in contrast to Chapters 2 and 3 a different norm
k is used to measure distances between a hypersphere and the fixed points. For
the class of polyhedral norms, a finite dominating set is identified which gives
rise to a solution approach.

• In Chapter 5 the theory developed in Chapter 4 is used in order to analyze the
problem of locating a nondegenerated, axis-parallel rectangle. Different variants
of this problem are studied. Besides the problem of locating an arbitrary axis-
parallel rectangle, problems are discussed where a rectangle has to have a fixed
aspect ratio, a fixed perimeter, or both.

• The last chapter of this book, Chapter 6, discusses extensions of the minisum
hypersphere problem.

Using notations of set theory, we have the following relations between the
chapters of this text:

Chapter 2 ⊆ Chapter 3 Chapter 3 ∩ Chapter 4 �= /0

Chapter 4 ∩ Chapter 5 �= /0

Chapter 2 is a special case of Chapter 3. In Chapter 4 a generalization of the planar
case discussed in Chapter 3 is studied. Furthermore, locating an axis-parallel rect-
angle with fixed aspect ratio is a special case of the problem analyzed in Chapter 4.
(Note that ⊆ and ∩ refer to the problems and not to the content.) For instance, not all
results of Chapter 2 are also contained in Chapter 3. Therefore, it is recommended
to read the text in chronological order.

At this point, I would like to express my gratitude to Prof. Dr. Anita Schöbel
for many fruitful discussions, helpful advice and suggestions that helped to improve
the presentation of this text. Furthermore, I am indebted to Anita for putting me
in touch with Prof. Dr. Jack Brimberg, Prof. Dr. Henrik Juel, and Prof. Dr. Horst
Martini. My interest for minisum hyperspheres was sparked by Anita, Jack, and
Henrik. I am deeply grateful that they accept me as a member of their research
circle. Many parts of this text are based on joint work with them. Special thanks
go to Jack and his family for the great time during my research visit in Canada. I
would like to thank Prof. Dr. Horst Martini and his assistant Dr. Margarita Spirova
for valuable references to related literature. The financial support of the Research
Training Group 1023 is also gratefully acknowledged. Furthermore, I thank Dipl.-
Kffr. Marina Lehmann and Dr. Michael Schachtebeck for proofreading this text.

Göttingen Mark-Christoph Körner
September 2010
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Chapter 1
Basic Concepts

1.1 Circles and Hyperspheres

Hyperspheres and circles are mathematical objects which are well known for
hundreds of years. The Rhind Mathematical Papyrus, written around 1650 BCE
by Egyptian mathematicians, already contains a method of approximating the sur-
face area of a circle, see [RS87]. Aristotle (384–322 BCE) argued by observation
of stars that the earth must have a spherical shape, see [Dic85]. During course of
history, in particular circles were consistently objects of research. For instance, the
problem of squaring the circle was proposed presumably 500 BCE and remained
an open question until von Lindemann proved in 1882 CE the impossibility; see for
example [Hob13, Kno93] for a historical survey. But also in the twenty-first century
scientific papers still discuss properties of (specific) circles (e.g., [BJS09a, BJS09b])
and hyperspheres (e.g., [BJS07, Nie10]).

In the ancient world, but also nowadays, the terms circle and hypersphere nor-
mally refer to geometric objects which are induced by Euclidean norm

‖X‖2 := ‖(x1, . . . ,xn)‖ =
√

|x1|2 + . . .+ |xn|2.

An Euclidean circle C = C(X ,r) ⊆ R
2 with center X ∈ R

2 and radius r ∈ R is given
by the set

C(X ,r) = {Y ∈ R
2 : ‖X −Y‖2 = r}.

Analogously, an Euclidean hypersphere S(X ,r) in the Euclidean space R
n is given

by the set

S(X ,r) = {Y ∈ R
n : ‖X −Y‖2 = r}. (1.1)

In this text we extend the concept of circles and hyperspheres to a more general
setting. We consider hyperspheres in space (Rn,‖·‖), where ‖·‖ is an arbitrary norm
in R

n and n ≥ 2. Thus, we study hyperspheres in finite dimensional real Banach

M.-C. Körner, Minisum Hyperspheres, Springer Optimization and Its Applications 51, 1
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2 1 Basic Concepts

spaces, also known as Minkowski spaces [Tho96]. In (Rn,‖ · ‖), hyperspheres may
be defined analogously to (1.1) by replacing the Euclidean norm ‖·‖2 with the norm
‖ · ‖.

Definition 1.1. Let ‖ · ‖ be a norm in R
n and (X ,r) ∈ R

n×]0,∞[. A hypersphere in
(Rn,‖ · ‖) is given by the set

S(X ,r) := {Y ∈ R
n : ‖X −Y‖ = r}.

X is denoted as center and r is denoted as radius of the hypersphere S(X ,r). The set
of all hyperspheres in (Rn,‖ · ‖) is denoted as G . If ‖ · ‖ is a norm in the real plane
R

2, we refer to the elements of G by C(X ,r) and denote them as circles.

Example 1.2. Depending on the space (Rn,‖ · ‖), a hypersphere corresponds
to different geometric objects. In the Euclidean space R

3 equipped with the
Tschebyschow norm ‖ · ‖∞, spheres correspond to cubes, see Fig. 1.1a. In Fig. 1.1b
a diamond is illustrated which corresponds to a circle in the Manhattan plane
(R2,‖ · ‖1).

a
b

Fig. 1.1 Illustration of Example 1.2. (a) Sphere in (R3,‖ · ‖∞). (b) Circle in (R2,‖ · ‖1)

The distance between a hypersphere and a point is defined in a canonical fashion.

Definition 1.3 (Point–hypersphere distance). The distance between a hypersphere
S ⊆ (Rn,‖ · ‖) and a point A ∈ R

n is defined by

d(S,A) := inf{‖A−Y‖ : Y ∈ S}.

d(S,A) is denoted as point–hypersphere distance. Given a set of fixed points D =
{A1, . . . ,AM} ⊆ R

n, also the shortcut dm(S) = d(S,Am), 1 ≤ m ≤ M, is used.
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1.2 Minisum Hyperspheres

The problem of finding a minisum hypersphere may be considered as a generaliza-
tion of the Weber problem or the Fermat–Torricelli problem. In the following these
problems are described briefly. Subsequently, the minisum hypersphere problem is
defined.

Weber problem.

Given a set of fixed points D = {A1, . . . ,AM} ⊆R
2 with positive weights ωm for each point,

find a point X ∈ R
2 that minimizes the weighted sum of distances between X and the fixed

points; that is, find a minimizer of the function

f (X) =
M

∑
m=1

ωm‖X −Am‖2.

The denotation Weber problem goes back to Alfred Weber (1868–1958). Weber sug-
gested the problem as a model for the optimal location of a facility in the plane (cf.
[Web09]). The Weber problem is the corner stone of Location Science and the first
location model which has ever been posed in connection with Operations Research
(cf. [DKSW02]). Nowadays the Weber problem has been generalized in many ways;
for instance higher dimensions, different norms, negative weights, and simultaneous
location of multiple facilities have been considered. The Weber problem was also
extended to dimensional facility location where not a point but a dimensional struc-
ture like a straight line, a line segment, or a (convex) set is searched for. The deno-
tation Weber problem and the denotations median problem, single facility location
problem, and minisum problem are used in Location Science.

Although the Weber problem was named after Alfred Weber, the problem itself
is far prior. It is not known who first proposed the Weber problem. But it is behind
dispute that Pierre de Fermat (1601–1665) belongs to the head of the list of mathe-
maticians who studied a basic version of the Weber problem. The problem Fermat
considered is the following:

Fermat–Torricelli problem.

Given three fixed points in the plane, find a fourth point such that the sum of distances
between the new point and the fixed points is minimal.

Evangelista Torricelli (1608–1647) is said to have proposed a first solution to this
problem; therefore the problem is named after Fermat and Torricelli. In particular
in Geometry also the denotation Fermat–Torricelli problem is used in order to refer
to the Weber problem. Also the denotation Steiner–Weber problem is used, but this
denotation is historically wrong (cf. [BSM98]). A more detailed survey on the his-
tory of the Weber problem may be found for instance in [DKSW02]. Mathematical
properties of the Weber problem in normed spaces are discussed in [MSW02].
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In this text we consider the following variant of the Weber problem:

Minisum hypersphere problem.

Let D = {A1, . . .,AM} ⊆ R
n be a set of fixed points with positive weights ωm > 0 for all

m = 1, . . . ,M. Given a norm ‖ · ‖ in R
n, find a minimizer of

f : G → R, S �→
M

∑
m=1

ωmdm(S)

where dm(S) is the point–hypersphere distance between Am ∈ D and the hypersphere S ∈ G
(cf. Definition 1.3).

Definition 1.4 (Minisum hypersphere). Let the hypersphere S ∈ G be an opti-
mal solution to the minisum hypersphere problem. Then we denote S as minisum
hypersphere.

Minisum hyperspheres are the object of investigation in this text. Due to the fact that
properties of minisum hyperspheres mainly depend on the norm ‖ · ‖, we study the
minisum hypersphere problem for different types of norms. We start in Chapter 2
with the Euclidean norm. Subsequently, we generalize the Euclidean view and dis-
cuss general norms. Finally, we also generalize the minisum hypersphere problem
itself and use an arbitrary metric in order to measure the point–hypersphere dis-
tance, see Chapter 4. Before we start with our analysis of the minisum hypersphere
problem we give a short overview on related problems, discuss applications of the
problem, and present some important mathematical preliminaries.

1.2.1 Related Problems

The minisum hypersphere problem itself is mainly studied in Geometry [Nie10] and
Location Science [BJS07, BJKS09, KBJS09, KBJS10]. But there are many related
problems which have been analyzed in Approximation Theory, Computational Ge-
ometry, Measuring Science, and Statistics. In the following we mention a few of
them which occur in these fields.

Minimax hypersphere problem.

A problem closely related to the minisum hypersphere problem is the minimax
hypersphere problem. The minimax hypersphere problem consists of finding a hy-
persphere S which minimizes the maximum weighted distance from the hyper-
sphere S to the given fixed points. For equal weighted fixed points, any optimal
solution to the minimax hypersphere problem induces an annulus which contains
all fixed points. In this sense, the minimax hypersphere problem may be inter-
preted as a covering model. For the Euclidean case this problem has been discussed
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extensively in the literature. Results for the two-dimensional case may be found
in [DSW02, BJS09a]. Higher dimensions are discussed in [GLRS98, Nie02]. In
[Cha00] a (1 + ε)-approximation algorithm is presented; [Nie02] contains an ex-
act algorithm which works for any dimension n ≥ 2. From a geometrical point of
view, the most interesting property of the (Euclidean) minimax hypersphere, prob-
lem is that for n = 2 any optimal solution describes an annulus which has at least
two points on the outer circle and at least two points on the inner circle. Also for
the minimax hypersphere problem with Manhattan norm results can be found in the
literature. In [GHT09] an optimal O(M logM) algorithm is presented for the two-
dimensional version of the problem. The Euclidean version of the problem is of
interest in Measuring Science. There it is used as a model for the out-of-roundness
problem which occurs in quality control and consists of deciding whether or not
the roundness of a part is in the normal range (cf. [FC94, Chapter 14]). Mathe-
matical models for different variants of the out-of-roundness problem are studied
for instance in [SLW95, Sun09, LL91, DSW02]. In Location Science the minimax
hypersphere problem is also of interest due to the fact that the center X of an op-
timal hypersphere S(X ,r) is a point among all points Y ∈ R

n which minimizes the
difference

max{d(Y,A) : A ∈ D}−min{d(Y,A) : A ∈ D}
where D = {A1, . . . ,AM} ⊆ R

n is a set of fixed points. Therefore the point X may
be interpreted as a fair location for a service facility (cf. [Glu08]).

Center problem.

Another problem related to both the minimax and the minisum hypersphere prob-
lem consists in finding a smallest hypersphere which contains all fixed points. This
problem is equivalent to the well known center problem (in Location Science) or
Tschebyschow problem (in Approximation Theory). An optimal solution to the cen-
ter or Tschebyschow problem is also denoted as Tschebyschow center. The center
problem is a point location problem in the sense that given a set D of fixed points,
a new point X ∈ R

n is sought after such that the greatest distance between the new
point X and the fixed points in D is minimized. In Location Science in particular
the weighted two-dimensional version of the problem is well known and a lot of
extensions have been considered; an overview is given for instance in [Pla02]. Ge-
ometric properties of an optimal solution to the Euclidean two-dimensional center
problem are investigated in [DLM07]. They show that the center of a circle is an
optimal solution if and only if the circle is rigid in the sense that it cannot be trans-
lated while still enclosing all fixed points. The center problem is convex; therefore,
general iterative methods of convex programming may be used in order to find an
optimal solution to the problem in any dimension n ≥ 2. For the Euclidean case also
a linear time algorithm is known which goes back to Megiddo [Meg82].
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Least squares hypersphere problem.

A well-studied variant of the minisum hypersphere problem is the least squares
hypersphere problem where the distance between the hypersphere S and the fixed
points in D is measured by the squared Euclidean distance. The two-dimensional
version of this problem was already studied in 1919 by Coolidge, see [Coo19]. An
example for a more recent reference is [CS08] where the least squares hypersphere
problem is used as an estimator in a regression model. The existence of optimal so-
lutions to the problem and a perturbation analysis is discussed in [Nie04]. The least
squares hypersphere problem is used in particular as a statistical model (see, e.g.,
[Cha65, BC86, AW04, CLT05, CL05, CS08]). Under the assumption that each fixed
point is a noisy observation of some true points which lie on a true Euclidean hyper-
sphere an optimal solution to the least squares hypersphere problem is equivalent to
the maximum likelihood estimation of the true hypersphere, provided that all errors
in the observation of the true points are normal random variables with zero means
and a common variance σ2 (see, e.g., [Cha65]).

Locating other objects.

Minisum problems are also known for other objects than hyperspheres. The Weber
problem mentioned above is for instance a minisum problem where an optimal lo-
cation of a point is sought. By now also the location of a hyperplane under a min-
isum objective function is well studied for arbitrary norms (cf. [Sch99, MS01]). For
the planar case a review on the location of line segments, half-lines, and polyg-
onal curves under the minisum criterion is given in [DBMS02]. Blanquero et al.
suggested in [BCH09] a general solution approach which may be used in order to
locate geometric objects like line segments, straight lines, arcs of circumferences,
and arbitrary convex sets and their complements or boundaries in the plane R

2.
Their approach is based on techniques from DC optimization. In [BJS02] the prob-
lem of locating straight lines and line segments in the three-dimensional space R

3

is studied.

1.2.2 Applications

As mentioned before, circles and hyperspheres have been a research topic since
the ancient world. No doubt, circles and hyperspheres have aroused interest since
time immemorial due to the mathematical beauty that is inherent in them. But the
study of properties of circles and hyperspheres was rare ends in themselves. Aris-
totle for example used his mathematical results in order to justify a thesis on the
shape of the earth. Also nowadays applications exist where circles and hyperspheres
play a central role. In the previous section we already mentioned a few applications
of minimax hyperspheres. In the following we briefly describe an application of
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minisum hyperspheres in the context of equity facility location. Further applications
of minisum hyperspheres occur in archeology (analysis of the design and layout of
structures), astronomy (identification of the shape of planetary surfaces), computer
graphics and vision, electrical engineering (calibration of microwave devices), his-
tory (analysis of megalithic monuments), mechanical engineering (measurement of
the efficiency of turbines), particle physics (identification of particles in accelera-
tors), and structural engineering (monitoring of deformations); see [Nie10] for an
exhaustive list and associated references.

Equity facility location.

Especially in the public sector, efficiency and effectiveness are insufficient criteria in
order to determine a location for a new service facility like a sports field, playground,
school, and public library, which is accepted by potential users. Instead of that,
the location should be fair in the sense that benefit is almost equal for each group
within the audience of the facility. But it is not easy to decide whether or not a
facility has a fair location. Furthermore, the term fair is hard to define. Therefore,
in equity facility location different measures of equity are discussed, see [MS94] for
an overview and [Ogr09, DDG09] for recent works with further references. In order
to give an example of a natural measure of equity let D ⊆R

2 denote a set of M fixed
points which represents the audience of a service facility. Given a possible location
X ∈ R

2 of the new facility and a distance (or utility) measure d the mean absolute
deviation of X is given by

∑
A∈D

∣∣∣∣∣d(X ,A)− 1
M ∑

A∈D

d(X ,A)

∣∣∣∣∣ . (1.2)

The mean absolute deviation measures the sum of deviations from the arithmetic
mean of travel distance (or utility). The mean absolute deviation measure is dis-
cussed for instance in [BLR76, All78, BK90, Mul91, MS94]. A drawback of this
measure is the sensitivity of the arithmetic mean against outliers; that is, in the case
of equity facility location a small part of the audience of a new service facility may
have arbitrarily large impact on a fair location. Thus, the outcome may be considered
as unfair by the majority of the audience. An approach to overcome this problem is
to replace the mean in (1.2) by the median; that is, a location X will be considered
as fair if it minimizes

∑
A∈D

|d(X ,A)−median{d(X ,A) : A ∈ D}| . (1.3)

In contrast to the arithmetic mean, the median of a set is robust against outliers
in the sense that moving the locations of up to 50% of the audience arbitrary far
away does not affect the value of the median. Therefore, using Equity Measure (1.3)
results in a location which is less affected by small groups in the audience with large
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distance and small benefit, respectively. As mentioned in the previous section, equity
location and hypersphere location are related. As it will turn out in Chapter 3, (1.3)
is equivalent to a minisum hypersphere problem:

Lemma 1.5. Let D ⊆ R
n be a finite set of fixed points and let d(X ,A) = ‖A−X‖

for all X ,A ∈ R
n.

• If S(X ,r) ∈ G is a minisum hypersphere in (Rn,‖ · ‖) with respect to D , then X
is a minimizer of (1.3).

• If X is a minimizer of (1.3) and r ∈ median{d(X ,A) : A ∈ D}, then S(X ,r) ∈ G
is a minisum hypersphere with respect to D .

Thus, among the application listed above, minisum hyperspheres may be applied in
order to create fair facility locations. Note that equity and efficiency can be mutually
contradictory goals. As an example suppose that all demand points are located on
a straight line in the plane (R2,‖ · ‖2) where ‖ · ‖2 is the Euclidean norm. Then
increasing the distance between the fixed points and the new facility may decrease
the inequality with respect to measure (1.2) and measure (1.3). In this case a fair
location with respect to these measures is given by an idealized point at infinity.
Similar observations can be made for minisum hyperspheres as we will see in the
following chapters.

1.3 Mathematical Preliminaries

In this section we introduce the notation needed and give a short survey on norms
and related concepts. Furthermore we state several results on finite dimensional real
Banach spaces which are also known as Minikowski spaces. For a more comprehen-
sive overview on Minkowski spaces we refer to Thompson’s textbook on Minkowski
Geometry [Tho96] and to the surveys written by Martini et al. [MSW01, MS04].

As in the preceding sections we denote points by capital letters. Furthermore,
we use a column vector notation in order to refer to a point X ∈ R

n. We refer to
the transpose of a column vector as X t. If ambiguity is excluded, then we do not
distinguish between column and row vectors. In order to refer to line segments,
rays, and straight lines in R

n we use the following notations.

Notation 1.6. Let A1,A2 ∈ R
n be two points.

• [A1,A2] is the closed line segment from A1 to A2.
• ]A1,A2[ is the open line segment from A1 to A2.
• [A1,A1〉 is the ray with origin A1 passing through A2.
• 〈A1,A2〉 is the straight line through A1 and A2.

Several different definitions can be found for the term hyperplane in the literature.
Within this text hyperplane is used in order to refer to an affine subspace of R

n

having dimension n−1. This concept of a hyperplane is equivalent to the following
definition.
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Definition 1.7. Let S ∈ R
n and b ∈ R. The set

HS,b := {X ∈ R
n : StX = b}

is called hyperplane, provided that HS,b is not empty.

Given a finite set of fixed points and a hypersphere it is convenient to define the
sets of points outside, on, and inside the hypersphere.

Notation 1.8. Let S = S(X ,r)⊆ (Rn,‖ ·‖) be a hypersphere and D ⊆ R
n a finite set

of fixed points. We define

J+ = {A ∈ D : ‖A−X‖> r},
J0 = {A ∈ D : ‖A−X‖= r},
J− = {A ∈ D : ‖A−X‖< r}.

Within this text the following definition of general position of a set of points in R
n

is used.

Definition 1.9 (General position). Let U ⊆ R
n. Then U is said to be in general

position if no n + 1 of points in U lie in a hyperplane.

We continue with two elementary mathematical concepts.

Definition 1.10. Let X be a set. A metric on X is a mapping

d : X ×X → R, (X ,Y ) �→ d(X ,Y )

with the following properties:

(i) d(X ,Y ) = 0 if and only if X = Y .
(ii) d(X ,Y ) = d(Y,X) for all X ,Y ∈ X .

(iii) d(X ,Z) ≤ d(X ,Y )+ d(Y,Z) for all X ,Y,Z ∈ X .

Metrics have some properties which are useful to model distances in the common
(nonmathematical) sense: Property (i) is that the distance between two points is
zero if and only if the two points are equal. Property (ii) is that the distance between
two points is symmetric. The third property of a metric is the well-known triangle
inequality and means that the direct connection between two points is always the
fastest connection. Due to Properties (i)–(iii) it follows that a metric is nonnegative;
that is, d(X ,Y ) ≥ 0 for all X ,Y ∈ X . A metric space is an ordered pair (X ,d)
where X is a set and d is a metric on X . The diameter of a subset of a metric
space is defined in the following way.

Definition 1.11. Let (X ,d) be a metric space and A ⊂ D a nonempty subset. The
diameter of A is defined as

diam(A ) = sup{d(X ,Y ) : X ,Y ∈ A }.

A norm may be defined in the following way.
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Definition 1.12. Let X be a real vector space. A norm ‖ · ‖ in X is a mapping

‖ · ‖ : X → R, X �→ ‖X‖

with the following properties:

(i) ‖X‖ = 0 if and only if X = 0.
(ii) ‖λ X‖= |λ |‖X‖ for all λ ∈ R and X ∈ X .

(iii) ‖X +Y‖ ≤ ‖X‖+‖Y‖ for all X ,Y ∈ X .

Similar to a metric, also property (iii) of a norm is called triangle inequality. For
collinear points X ,Y ∈ R

n the triangle inequality holds with equality in any norm,
provided that Y = λX for some nonnegative scalar λ .

Lemma 1.13. Let ‖ · ‖ be a norm in R
n, V ∈ R

n, and denote the origin of R
n as O.

For any X ,Y ∈ [O,V 〉 we have

‖X +Y‖ = ‖X‖+‖Y‖.

Proof. X ,Y ∈ [O,V 〉 imply that there exists λ > 0 such that Y = λX . Therefore, we
obtain

‖X‖+‖Y‖ = ‖X‖+ λ‖X‖= ‖(1 + λ )X‖= ‖X +Y‖.

It is well known that each norm induces a metric. �

Lemma 1.14. Let (X ,‖ · |) be a real normed vector space. Then a metric on X is
defined by

d(X ,Y ) := ‖Y −X‖;

d is said to be induced by ‖ · ‖.

From Lemma 1.13 it may be concluded that for collinear points X ,Y,Z ∈ R
n the

triangle inequality holds with equality in any metric induced by a norm.

Corollary 1.15. Let d be a metric which is induced by a norm ‖ · ‖ in R
n. Further-

more, let X ,Y,Z ∈ R
n be collinear and Z ∈ [X ,Y ]. Then we have

d(X ,Y ) = d(X ,Z)+ d(Z,Y ).

Proof. Let λ ∈ [0,1] such that Z = λX + (1− λ )Y and define U := Z −X , V :=
Y − Z. If Z = X or Z = Y we have nothing to show. Therefore, we assume that
0 < λ < 1. We obtain U = (1−λ )/λV . Hence, applying Lemma 1.13 to U and V
results in

d(X ,Y ) = ‖Y −X‖ = ‖U +V‖ = ‖U‖+‖V‖
= ‖Z−X‖+‖Y −Z‖ = d(X ,Z)+ d(Z,Y ).

�
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Note that there does not exist a one-to-one correspondence between norms and
metrics. In fact, metrics exist which are not induced by norms, see, e.g., [KS10] for
an operations research model where such metrics occur.

There exists an interesting one-to-one correspondence between norms and sym-
metric compact convex sets: Let B ⊆ R

n be a full-dimensional compact convex set
which is symmetric with respect to the origin and consider the mapping

γB : R
n → R, X �→ γB(X) = inf{λ > 0 : X ∈ λB}. (1.4)

Then we have the following result which dates back to Minkowski (see [Min11]).

Lemma 1.16. The following hold:

1. Let γB be defined as in (1.4). Then γB is a norm in R
n.

2. Let ‖ · ‖ be a norm in R
n. Then the set

B := {Y ∈ R
n : ‖Y‖ ≤ 1} (1.5)

is a full-dimensional compact convex set which is symmetric with respect to the
origin.

The set B defined in (1.5) is called unit ball of the norm ‖ · ‖. Obviously, we have
‖Y‖ < 1 if and only if Y belongs to the interior of B; ‖Y‖ = 1 implies that Y is a
point on the boundary of B.

The shape of the unit ball of a norm may be used in order to distinguish between
different types of norms. We distinguish between three broad classes of norms in fi-
nite dimensional real Banach space: smooth norms, strictly convex norms, and poly-
hedral norms. These norms are defined as follows.

Definition 1.17. Let X be a finite dimensional real Banach space and let ‖ · ‖ be a
norm in X .

• ‖ · ‖ is called smooth norm if its unit ball has no sharp corners. More formally,
‖ ·‖ is a smooth norm if for every X ∈ B there is a unique supporting hyperplane
for B at X , see, e.g., [Phe89, Haz90].

• ‖ · ‖ is called a strictly convex norm if the boundary of its unit ball contains no
line segment, see, e.g., [Thi87, Haz90].

• ‖ · ‖ is called polyhedral norm or block norm if its unit ball is a polytope,
see [WWR85, Wit64].

Notice that the class of smooth norms and the class of strictly convex norms are
not disjoint. The Lp norm with 1 < p < ∞, or more specifically the Euclidean
norm, is an example of a smooth and strictly convex norm. See Fig. 1.2 and also
[NP05, Chapter 2] for an illustrative comparison between smooth, strictly convex,
and polyhedral norms.

Remark 1.18. The classification of norms into the classes smooth, strictly convex,
and polyhedral is not complete in the sense that norms exist which do not belong
to any of theses classes. However, throughout this text we are primarily concerned
with norms that belong to at least one of these classes.
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Smooth and strictly
convex norm

Smooth, but not strictly
convex norm

Strictly convex, but
not smooth norm

Polyhedral norm, neither
smooth nor strictly convex

Fig. 1.2 Comparison of smooth, strictly convex, and polyhedral norms

In the following, a result from Convex Analysis is stated in order to define the polar
or dual of a norm. Afterwards, properties of smooth, strictly convex, and polyhe-
dral norms are discussed. Finally, the bisector between two points is defined and
properties depending on the underlying norm are discussed.

1.3.1 Dual Norms

We define the support function and the polar of a convex set C ⊆ R
n.

Definition 1.19 ([Roc70]). The support function of a convex set C ⊆ R
n is defined

by

δ ∗(X |C) = sup{XtY : Y ∈C}.
Definition 1.20 ([Roc70]). Let C ⊆R

n be nonempty and convex. Then the polar set
of C is given by

C◦ = {X ∈ R
n : XtY ≤ 1 ∀Y ∈C}.

We have the following relation between a closed convex set and the corresponding
polar set.

Theorem 1.21 ([Roc70]). Let C be a closed convex set containing the origin. The
polar C◦ is then another closed convex set containing the origin, and C◦◦ = C. If C
is additionally symmetric with respect to the origin, then C◦ inherits this property.
The norm ‖ · ‖ with unit ball C is the support function of C◦; that is,

‖X‖ = δ ∗(X |C◦).

Dually, the norm with unit ball C◦ is the support function of C.

This result justifies the following definition.
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Definition 1.22. Let ‖ · ‖ be a norm with unit ball B. Then the norm ‖ · ‖◦ with unit
ball B◦ is called dual norm or polar norm of ‖ · ‖.

Remark 1.23. Note that Rockafellar [Roc70] mainly considered the more general
case of gauge functions. A gauge function γB is defined according to (1.4) but with-
out any restriction on the symmetry of B. Theorem 1.21 is still valid if norm is
replaced by gauge function.

1.3.2 Smooth Norms

For smooth norms a lot of different characterizations are known. We only consider a
few geometric characterizations. We start with a result for smooth norms in the real
plane R

2 which goes back to Kramer and Németh [KN73].

Theorem 1.24. A norm ‖ · ‖ on R
2 is smooth if and only if for any triple of three

noncollinear points A1,A2,A3 there exists at least one point X ∈ R
2 such that

‖A1 −X‖ = ‖A2 −X‖= ‖A3 −X‖.

Proof. See [KN73], or alternatively [MSW01]. �


The forward implication of Theorem 1.24 also applies to higher dimensions.

Theorem 1.25 ([Gro69]). If ‖ · ‖ is a smooth norm in R
n, then for any n + 1 points

A1, . . . ,An+1 ∈ R
n in general position there exists at least one point X ∈ R

n such
that

‖A1 −X‖= ‖A2 −X‖= . . . = ‖An+1 −X‖.

Using optimal solutions to the hyperplane location problem with minisum objec-
tive function a further characterization of smooth norms is possible. In order to state
this characterization define

f (H) :=
M

∑
m=1

ωm min{‖Am −Y‖ : Y ∈ H}

where H ⊆ R
n is a hyperplane.

Theorem 1.26 ([MS99]). Let ‖ · ‖ be a norm in R
n. ‖ · ‖ is smooth if and only if for

all instances of the hyperplane location problem with minisum objective function
f (H) all optimal hyperplanes are affine hulls of n affinely independent fixed points.

Remark 1.27. A characterization of smooth norms similar to Theorem 1.26 is also
known for hyperplane location problems with minimax objective function, see
[MS99].
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1.3.3 Strictly Convex Norms

Also for strictly convex norms a lot of different characterizations are known. As for
smooth norms, we mainly consider geometric characterizations.

Theorem 1.28 (e.g., [Haz90]). Let X be a real Banach space with norm ‖ · ‖. The
following statements are equivalent to strictly convexity of ‖ · ‖:

1. For X �= Y ∈ X , ‖X‖ = ‖Y‖ = 1, we have

‖λ X +(1−λ )Y‖ < 1 for all λ ∈]0,1[.

2. If X �= Y ∈ X and ‖X‖ = ‖Y‖ = 1, then ‖X +Y‖ < 2.
3. If for X ,Y,Z ∈ X we have

‖X −Y‖ = ‖X −Z‖+‖Z−Y‖,

then there exists λ ∈ [0,1] such that Z = λ X +(1−λ )Y.
4. Any X∗ ∈ X ∗ has at most one maximum on the unit ball.

Proof. See [Haz90, Chapter 2]. �

Many further characterizations are listed in the survey on Minkowski spaces given
by Martini et al. [MSW01, MS04]. We give a small selection of these results.

Theorem 1.29 ([MSW01]). Let X be a finite dimensional real Banach space with
norm ‖ · ‖. The following statements are equivalent to strictly convexity of ‖ · ‖:

1. Every boundary point of the unit ball is an extreme point (exposed point).
2. The unit ball is rotund.
3. Any supporting hyperplane of the unit ball touches the unit ball in at most one

boundary point.
4. Supporting hyperplanes at distinct points of the boundary of the unit ball are

distinct.
5. For each point X and each convex set D ⊆X there is at most one point in D that

is nearest to X.
6. For each point X and each closed convex set D ⊆ X there is exactly one point

in D that is nearest to X.

Also a result related to Theorem 1.24 applies to strictly convex norms.

Theorem 1.30. A norm ‖ · ‖ on R
2 is strictly convex if and only if for any triple of

three points A1,A2,A3 there exists at most one point X ∈ R
2 such that

‖A1 −X‖ = ‖A2 −X‖= ‖A3 −X‖.

Proof. See Prop. 14 on p. 106 in [MSW01]. �
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Combining Theorems 1.24 and 1.30 it can be concluded that a norm ‖ · ‖ in R
2 is

smooth and strictly convex if and only if for any triple of three points A1,A2,A3

there exists exactly one point X ∈ R
2 such that

‖A1 −X‖ = ‖A2 −X‖= ‖A3 −X‖.

1.3.4 Polyhedral Norms

According to Definition 1.17 the unit ball B of a polyhedral norm is a full-
dimensional convex polytope which is symmetric with respect to the origin. Since
such a polytope has a finite number of extreme points, we may denote in the follow-
ing the extreme points of B as

Ext(B) = {Eg : 1 ≤ g ≤ s}.

Since B is symmetric with respect to the origin, s ∈ N is always an even number and
for any Ei ∈ Ext(B) there exists a counterpart E j ∈ Ext(B) such that Ei = −Ej.

Notation 1.31. Let ‖·‖ be a polyhedral norm and let B⊆R
n be its unit ball. Then the

extreme points Ext(B) of B are also called fundamental directions of the polyhedral
norm ‖ · ‖.

Notation 1.32. Let ‖ · ‖ be a polyhedral norm. Any straight line parallel to a funda-
mental direction of ‖ · ‖ is called direction line of the polyhedral norm ‖ · ‖.

By increasing the number of fundamental directions, a polyhedral norm can be-
come as accurate a representation of an arbitrary norm as desired. Thus, we have the
following result.

Theorem 1.33 ([WWR85]). The class of polyhedral norms is a dense subset of all
norms in R

n.

The following theorem states a characterization of polyhedral norms.

Theorem 1.34 ([WWR85]). A polyhedral norm ‖ · ‖ has a characterization as

‖X‖ = min

{
s

∑
g=1

|βg| : X =
s

∑
g=1

βgEg

}
. (1.6)

As mentioned above, it is assumed that each fundamental direction Ei of the poly-
hedral norm ‖ · ‖ has a counterpart E j such that Ei = −E j. Therefore, we have the
following linear formulation.
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Corollary 1.35. For any X ∈ R
n we have

‖X‖ = min

{
s

∑
g=1

βg : X =
s

∑
g=1

βgEg, βg ≥ 0 ∀ g = 1, . . . ,s

}
.

Remark 1.36. Historically, our definition of polyhedral norms (see Definition 1.17)
is not correct. Witzgall [Wit64] defined polyhedral norms as the class of norms hav-
ing the characterization given by (1.6). Ward and Wendell [WWR85] then defined
block norms as the class of norms having a polyhedral unit ball. Theorem 1.34 shows
that both definitions are equivalent.

In order to state our next result we need the following notation.

Notation 1.37. Let ‖ · ‖ be a polyhedral norm in R
2 with fundamental directions

Ext(B) = {Eg : 1 ≤ g ≤ s}. For any Eg ∈ Ext(B) we denote as E+
g the fundamental

direction adjacent to Eg in clockwise direction.

Note that E+
g = Eg+1 for 1 ≤ g ≤ s− 1, provided that the fundamental directions

Ext(B) = {Eg : 1 ≤ g ≤ s} of a polyhedral norm in R
2 are ordered in clockwise

direction. Furthermore, in this case we have E+
s = E1. For any index g, 1 ≤ g ≤ s,

we define Γg as the cone generated by Eg and E+
g . The following lemma shows that

a polyhedral norm ‖ · ‖ in R
2 can be easily evaluated in a point X , provided that

X ∈ Γg.

Lemma 1.38 ([NP05]). Let ‖ · ‖ be a polyhedral norm in R
2 with fundamental

directions Ext(B) = {Eg : 1 ≤ g ≤ s}. Furthermore, let X ∈ Γg such that X =
βgEg + βg+E+

g . Then ‖X‖ = βg +βg+ .

Lemma 1.38 can be generalized to higher dimensions. To this end, we need to gen-
eralize the cones Γg.

Notation 1.39. Given a polyhedral norm ‖·‖ in R
n with unit ball B ⊆R

n and a facet
F of B, let Ext(F ) = {E1, . . . ,Et} denote the extreme points of F and let

ΓF :=

{
X ∈ R

n : X =
t

∑
g=1

βgEg, βg ≥ 0, Eg ∈ Ext(F )

}
.

ΓF is called fundamental cone of the polyhedral norm ‖ · ‖.

Lemma 1.40 ([SKW02]). Let ‖ · ‖ be a polyhedral norm in R
n with unit ball B ⊆

R
n. Let X ∈ ΓF where ΓF is the fundamental cone defined by the extreme points

Ext(F ) = {E1, . . . ,Et}, t ≥ n. Let X = ∑t
g=1 βgEg be a representation of X in terms

of E1, . . . ,Et . Then ‖X‖ = ∑t
g=1 βg.

Remark 1.41. Note that the representation X = ∑t
g=1 βgEg is not unique in general.

However, all representations X = ∑t
g=1 βgEg can be used to calculate ‖X‖, even

representations where one or more βg are negative (cf. [SKW02]).

Polyhedral norms in R
2 may also be characterized in the following way.
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Theorem 1.42 ([WWR85]). A norm ‖ · ‖ is a polyhedral norm in R
2 if and only if

there exists a subset {V1, . . . ,Vt} ⊆ R
2 that spans R

2 such that

‖X‖ =
t

∑
g=1

|XtVg| for all X ∈ R
2. (1.7)

Remark 1.43. A norm in R
n that has a representation according to (1.7) is called

additive norm, see [WWR85]. Thus Theorem 1.42 shows that the class of additive
norms and the class of polyhedral norms in R

2 coincide.

Finally, we consider the dual of a polyhedral norm.

Theorem 1.44 ([WWR85]). Let ‖ · ‖ be a polyhedral norm. Then its dual is also a
polyhedral norm. Furthermore, a polyhedral norm in R

2 and its dual have the same
number of fundamental directions, i.e., |Ext(B)| = |Ext(B◦)|.
Since the unit ball B◦ of the dual of a polyhedral norm is a polytope, its support
function is given as

δ ∗(X |B◦) = max{|XtE◦
g | : E◦

g ∈ Ext(B◦)}.

Therefore, we obtain as a consequence of Theorem 1.21 the following result.

Corollary 1.45. Let ‖ · ‖ be a polyhedral norm with unit ball B. Then

‖X‖ = max{|XtE◦
g | : E◦

g ∈ Ext(B◦)}.

1.3.5 Bisectors

A set which strongly depends on the classes of norms is the bisector of two points.
In the following we summarize a few results on bisectors under smooth, strictly
convex, and polyhedral norms. We start with a definition of bisectors.

Definition 1.46. Let X be a Banach space with norm ‖ ·‖ and let A1,A2 ∈ X . The
bisector of A1 and A2 is defined as

B(A1,A2) = {X ∈ X : ‖A1 −X‖= ‖A2 −X‖}.

In the Euclidean case the bisector of two points is simply the well-known per-
pendicular bisector. In particular, the Euclidean bisector is a hyperplane. In gen-
eral, a bisector of two points in R

n is not a hyperplane; even more, it may contain
n-dimensional subsets as the following example shows.

Example 1.47. In Fig. 1.3 two bisectors of the Manhattan norm in the real plane R
2

are illustrated. In Fig. 1.3a the line segment joining Ai and A j is not parallel to an
edge of the unit ball of the Manhattan norm; in Fig. 1.3b the line segment is parallel
to such an edge. The first condition yields a piecewise linear curve for B(Ai,Aj),
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a

b

Fig. 1.3 Bisectors of the Manhattan norm for different conditions. (a) Bisector is piecewise linear
curve. (b) Bisector contains subregions

while the second condition leads to a piecewise linear curve joining two symmetric
subregions (or cones) bounded by adjacent fundamental directions of the Manhattan
norm.

The results of Example 1.47 may be generalized to arbitrary norms. To this end
we need the topological concept of homeomorphic sets, see for instance [GG99].

Theorem 1.48 (e.g., [MS04, Ma00]). Let X be a two-dimensional real Banach
space with norm ‖ ·‖ and A1 �= A2 ∈ X . Then the bisector B(A1,A2) is homeomor-
phic to a line if and only if the straight line �12 = 〈A1,A2〉 is not parallel to a flat
spot of the boundary of the unit ball of ‖·‖. B(A1,A2) contains two two-dimensional
regions if and only if �12 is parallel to a flat spot of the boundary of the unit ball
of ‖ · ‖.

Since the boundary of the unit ball of a strictly convex norm does not contain any
flat spot, Theorem 1.48 implies the following corollary.

Corollary 1.49. The norm of a two-dimensional real Banach space is strictly convex
if and only if any bisector is homeomorphic to a straight line.

The forward implication of Corollary 1.49 also applies to higher dimensions, the
backward implication is false in any dimension n ≥ 3. This is shown by the follow-
ing theorem which is stated in this form in [MS04].

Theorem 1.50 ([MS04]). On the one hand, all bisectors are homeomorphic to a
hyperplane if the norm of a finite dimensional real Banach space is strictly convex.
On the other hand, for any integer n ≥ 3 there exists an n-dimensional real Banach
space with nonstrictly convex norm ‖ ·‖ such that each bisector is homeomorphic to
a hyperplane.
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The proof of the forward implication of Theorem 1.50 goes back to a result of
Horváth given in [Hor00]; the backward implication is shown by an example which
also goes back to Horváth.

Theorem 1.50 gives a first hint on the differences between bisectors in two-
dimensional space and bisectors in higher dimensions. A detailed discussion of the
two-dimensional case vs. the three-dimensional case may be found for instance in
the paper by Icking et al. [IKLM94]. However, also bisectors in two-dimensional
spaces can behave unexpectedly.

Theorem 1.51 ([CMR96, MS04]). In a two-dimensional real Banach space pairs
of bisectors can exist that intersect infinitely many times.

As mentioned above, bisectors defined with respect to the Euclidean norm in R
n

are hyperplanes. But do there exist other norms having this property? An answer to
this important question goes back to Day.

Theorem 1.52 ([Day47]). All bisectors in a finite-dimensional real Banach space
with norm ‖ · ‖ are hyperplanes if and only if the unit ball of ‖ · ‖ is an ellipsoid.

Definition 1.53. The norm ‖ · ‖ of a finite-dimensional real Banach space is called
elliptic norm if its unit ball is an ellipsoid.

We close our short survey on bisectors with a result on the complexity of a bisec-
tor defined with respect to a polyhedral norm in R

2.

Theorem 1.54 ([NP05]). Let n = 2 and ‖ · ‖ a polyhedral norm in R
2 with s fun-

damental directions. Given two points X ,Y ∈ R
2 the bisector B(X ,Y ) consists of at

most 4s different subsets defined by different linear equations.

1.4 Finite Dominating Sets

In this section we give a formal definition of the notion finite dominating set which
is frequently used in Operations Research-related literature. As far as the author is
aware of, finite dominating sets are not defined in any prior publication in a strict
manner.

We start with a formal definition of an optimization problem (or mathematical
programming problem).

Definition 1.55 (Optimization problem). An optimization problem is a quadruple
P = (I ,F , f ,opt) such that

• I is the set of input instances for P.
• F (I) is the set of feasible solutions for input I ∈ I .
• f : {(I,S) : S ∈ F (I), I ∈ I }→ R.
• opt ∈ {inf,sup}.
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Given an instance I of an optimization problem P = (I ,F , f ,opt) the goal is to
find a feasible solution X ∈ F (I) such that

f (I,X) = opt{ f (I,Y ) : Y ∈ F (I)}.

Definition 1.56. Let P = (I ,F , f ,opt) be an optimization problem. For any I ∈I
we define

opt(I) := opt{ f (I,Y ) : Y ∈ F (I)},
F (I)∗ := {Y ∈ F(I) : f (I,Y ) = opt(I)}.

Given an optimization problem we may define a finite dominating set in the follow-
ing way.

Definition 1.57 (Finite dominating set). Let P = (I ,F , f ,opt) be an optimiza-
tion problem. Each function

Ξ : I →
⋃

I∈I
F (I)

is called finite dominating set for P if the intersection Ξ(I)∩F (I)∗ is nonempty and
finite; that is, 0 < |Ξ(I)∩F (I)∗| < ∞ for all I ∈ I . We also use the abbreviation
FDS.

A finite dominating set Ξ is a mapping that assigns to each instance I ∈ I a fi-
nite set Ξ(I) containing at least one optimal solution Y ∈ F (I)∗. Note that for any
optimization problem there exists a finite dominating set, provided that F (I) �= /0
for all I ∈ I . Indeed, let P = (I ,F , f ,opt) be an optimization problem such that
F (I) �= /0 for all I ∈ I and let YI ∈ FI for all I ∈ I . Then Ξ (I) := {YI} is an FDS
according to Definition 1.57.

Remark 1.58. Note that Definition 1.57 does not make a statement on the com-
putability of a finite dominating set Ξ . Even though in almost all cases a finite
dominating set for an optimization problem exists, it is possible that a computable
FDS does not exist. For instance, Bajaj proved in [Baj88] that an exact algorithm
for the (Euclidean) Weber problem cannot exist under models of computation where
the root of an algebraic equation is obtained using arithmetic operations and the
extraction of kth roots. A consequence of this result is that no computable finite
dominating set can exist for this problem.

The most famous example for a finite dominating set is the fundamental theorem
of linear programming, see, e.g., [Lue04]. Basically, this theorem says that given a
linear program P = (I ,F , f ,opt) the function Ξ which maps each input I on the
extreme points of F (I) is an FDS. The simplex method is based on this FDS.

An interesting question is the following:

Given an optimization problem P = (I ,F , f ,opt) does there exist an FDS Ξ for P and an
efficient (polynomial) algorithm that computes the set Ξ (I) for all I ∈ I ?



1.4 Finite Dominating Sets 21

If the optimization problem P corresponds to a decision problem Pd in the complex-
ity class P [GJ79], then the answer is yes: Ξ (I) may be defined as a set containing
exactly one optimal solution to P and the computation of the elements of Ξ(I) may
be done efficiently by the polynomial algorithm for P. If a problem belongs to the
complexity class NP but not to P, then it may be possible that the answer is also
positive. But in this case it cannot be possible to evaluate each point of the FDS
efficiently. Otherwise, it follows that the problem belongs to the complexity class P.

Independent from the complexity of a problem P = (I ,F , f ,opt), it may hap-
pen that a finite dominating set Ξ for P cannot be evaluated in each point efficiently.
Indeed, suppose that the size of the sets Ξ(I), I ∈ I , is not bounded by some poly-
nomial in terms of the input length of the problem. Then the brute force algorithm
which tests all solutions Y ∈ Ξ(I) is not efficient. An example for this situation is
the fundamental theorem of linear programming. Nevertheless, even if the size of an
FDS Ξ is not bounded by some polynomial, the knowledge of Ξ and an efficient al-
gorithm to compute Ξ (I) may be very useful in order to obtain good algorithms for
optimization problems. For instance, an FDS may convert a continuous optimiza-
tion problem into a discrete problem. Therefore an FDS allows to tackle continuous
problems with tools of discrete optimization. This approach is in particular interest-
ing for global optimization problems with various local optima. Numerous examples
of solution methods based on finite dominating sets for global optimization prob-
lems may be found in the literature, see for instance [HD04, NP05, Nic95] and the
references within these books.





Chapter 2
Euclidean Minisum Hyperspheres

2.1 Basic Assumptions

In this chapter the Euclidean minisum hypersphere problem is studied which may
be described as follows:

Dimensions: n ≥ 2, M ≥ 2
Norm: Euclidean norm ‖ · ‖ := ‖ · ‖2 in R

n

Objects: Hyperspheres defined with respect to ‖ · ‖2

Metric: Induced by ‖ · ‖2; d(X ,Y ) := ‖Y −X‖2

Distance: d(S,Am) = min{d(Y,Am) : Y ∈ S}, 1 ≤ m ≤ M
Objective: f (S(X ,r)) = ∑M

m=1 ωmdm(S(X ,r)) → min

The Euclidean minisum hypersphere problem is discussed by Brimberg et al.
[BJS09b] for the two-dimensional case and by Nievergelt [Nie10] for arbitrary di-
mensions (n ≥ 1). In this chapter their results are summarized and some alternative
proofs are given. Also new results are stated and counterexamples to conjectures are
given. Throughout this chapter M ≥ n + 2 is assumed. Furthermore, in this chapter
a hypersphere is always defined with respect to the Euclidean norm. For the sake of
simplicity ‖ · ‖ refers to the Euclidean norm, i.e., for X = (x1, . . . ,xn) ∈ R

n

‖X‖ := ‖X‖2 =

√
n

∑
i=1

x2
i .

M.-C. Körner, Minisum Hyperspheres, Springer Optimization and Its Applications 51, 23
DOI 10.1007/978-1-4419-9807-1 2, c© Springer Science+Business Media, LLC 2011
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2.2 Distance

The Euclidean point–hypersphere distance can be readily obtained: Given a hyper-
sphere S(X ,r) ∈ G and a point A ∈ R

n, the point–hypersphere distance between
S(X ,r) and A is given as the absolute value of the difference of the radius r and
‖X −A‖. This result is shown in the following lemma.

Lemma 2.1. Let A ∈ R
n be a point and let S(X ,r)∈ G be a hypersphere with center

X and radius r. Then we have

d(S(X ,r),A) = |‖X −A‖− r|.

Proof. Let P = S(X ,r)∩ [X ,A〉. Since the points X , A, and P are collinear, the
triangle inequality holds with equality in each of the following three cases (cf.
Lemma 1.13 and Corollary 1.15):

• If A is outside the hypersphere, then P lies between A and X . We obtain

‖X −A‖= ‖X −P‖+‖P−A‖= r +‖P−A‖. (2.1)

• If A is inside the hypersphere, then A lies between P and X . We obtain

‖X −A‖= ‖X −P‖−‖P−A‖= r−‖P−A‖. (2.2)

• If A lies on the hypersphere, then A = P and we obtain

‖X −A‖ = ‖X −P‖ = r. (2.3)

In all cases we get that ‖P−A‖= |‖X −A‖− r|.
Now, we show ‖P−A‖ ≤ d(S(X ,r),A). To this end we choose an arbitrary point
Y ∈ S(X ,r) and show ‖P−A‖ ≤ ‖Y −A‖. Again, we distinguish three cases:

1. If A is outside the hypersphere the triangle inequality and (2.1) imply

‖Y −A‖ ≥ ‖X −A‖−‖X−Y‖ = ‖X −A‖− r = ‖P−A‖.

2. If A is inside the hypersphere the triangle inequality and (2.2) imply

‖Y −A‖ ≥ ‖Y −X‖−‖A−X‖= r−‖X −A‖ = ‖P−A‖.

3. If A lies on the hypersphere (2.3) implies

‖Y −A‖≥ 0 = ‖P−A‖. 	
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Using Lemma 2.1 the minisum hypersphere problem may be rewritten as

f (S(X ,r)) =
M

∑
m=1

ωm|‖A−X‖− r|→ min .

Beyond that, we can draw some further consequences.

Corollary 2.2. Let A,X ∈ R
n. Then the point–hypersphere distance d(S(X ,r),A) is

convex and piecewise linear in r.

Corollary 2.3. Let X ,A ∈ R
n. Then the distance d(S(X ,r),A) is

(i) concave in (X ,r) on the set

V = {(X ,r) ∈ R
n×]0,∞[: ‖X −A‖ ≤ r}

and
(ii) convex in (X ,r) on any convex set U ⊆ (Rn×]0,∞[) \V .

Proof. Follows immediately from the convexity of ‖ · ‖ and Lemma 2.1. 	

Roughly speaking, Corollary 2.3 says that d(S(X ,r),A) behaves like a convex func-
tion if A stays outside the hypersphere S(X ,r) while moving X and r. If A stays
inside S(X ,r) for small movements of X and r, then d(S(X ,r),A) behaves like a
concave function.

The point–hypersphere distance has the following symmetry property.

Corollary 2.4. Let A ∈ R
n and S(X ,r) ∈ G . Then we have S(A,r) ∈ G and

d(S(X ,r),A) = d(S(A,r),X).

Proof. S(A,r) ∈ G is clear. Therefore d(S(A,r),X) is well defined and the result
follows from Lemma 2.1. 	


2.3 Degenerated Solutions

A point may be interpreted as a degenerated hypersphere with radius r = 0. Anal-
ogously, a hyperplane may be interpreted as a degenerated hypersphere with radius
r = ∞. It is easy to see that a minisum hypersphere cannot be degenerated to a point.

Lemma 2.5. A hypersphere S(X ,r) with radius r = 0 cannot be a minisum hyper-
sphere.

Proof. Assume that S0 = S(X0,0) is a minisum hypersphere. Since we assumed
M ≥ 2, we can find a fixed point, say A1, such that X0 �= A1. It follows that
‖X0 −A1‖ > 0. Using Theorem 1.25 it follows that there exists a hypersphere S1
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intersecting X0 and A1. We compare the objective values of S0 and S1: Note that
S0 ⊂ S1; hence d(S0,Am) ≥ d(S1,Am) for all m = 1, . . . ,M. In particular for m = 1
we obtain a strict inequality, namely,

d(S0,A1) = ‖X0 −A1‖ > 0 = ‖A1 −A1‖ = d(S1,A1).

Together

f (S0) =
M

∑
m=1

ωmd(S0,Am) >
M

∑
m=1

ωmd(S1,Am) = f (S1).

Thus S0 cannot be optimal. 	

The proof of Lemma 2.5 is a generalization of the proof given by Brimberg et al.
[BJKS09]. Note that the proof of Lemma 2.5 is still valid if the Euclidean norm ‖ ·‖
is replaced by an arbitrary norm ‖ · ‖. A result similar to Lemma 2.5 may be found
in [Nie10].

Whereas a point cannot be a minisum hypersphere, it is possible that the objective
value of a hyperplane is superior to the objective value of a minisum hypersphere.
To see this, we need the following definition.

Definition 2.6. The set of all hyperspheres and hyperplanes in R
n is denoted as G .

The elements of G are called generalized hyperspheres, see [Nie10, Ber87].

Notation 2.7. We denote the minisum hypersphere problem with feasible set G as
generalized minisum hypersphere problem. An optimal solution to this problem is
called generalized minisum hypersphere.

We have the following result.

Lemma 2.8. For each n ≥ 2 there exists a finite set D ⊆ R
n such that no optimal

solution S ∈ G to the generalized minisum hypersphere problem is a hypersphere.
For the minisum hypersphere problem this means that in this case no minisum hy-
persphere S ∈ G exists.

Proof. Let D ⊆ R
n be a set of three distinct points lying on a common straight line.

From Theorem 1.29 we may conclude that there does not exist any hypersphere
S ∈ G intersecting all points in D . Thus, f (S) > 0 for all hyperspheres S ∈ G .

By contrast, consider any hyperplane H ∈ G with D ⊆ H. The distance between
each point in D and the hyperplane H is zero. Thus, we have f (H) = 0 and the
minimum value of f on G is zero.

Since it is clear that a sequence of hyperspheres exists which converges against
H, zero is the infimum but not the minimum value of f on G . Hence, G does not
contain an optimal solution. 	

An alternative proof of Lemma 2.8 may be found in [Nie10].

However, M ≥ n + 3 and no collinear triple in D ensure that no optimal solution
to the generalized minisum hypersphere problem can be a hyperplane. This result is
a generalization of an analog result stated in [BJS09b] for the planar case.
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Theorem 2.9. Let D ⊆ R
n be in general position. Suppose M ≥ n + 3 and that no

triple of the fixed points is collinear. Then no optimal solution to the generalized
minisum hypersphere problem is a hyperplane.

We postpone the proof of Theorem 2.9 to Section 3.3. There we extend Theo-
rem 2.9 to elliptic norms and prove the result in a more general setting.

We close this section with an example showing that M ≥ n+3 in Theorem 2.9 is
necessary.

Example 2.10. Let n = 2, M = 4; assume a configuration of the fixed points as de-
picted in Fig. 2.1, and let ω1 = ω2 = 100, ω3 = ω4 = 1. Then any circle passing
through A1 and A2 and intersecting the line segment [A3,A4] has objective value 2
and is a minisum circle. But also the straight line 〈A2,A4〉 has objective value 2 and
therefore it is an optimal solution to the generalized minisum circle problem.

Fig. 2.1 Illustration of Example 2.10

2.4 Existence of Optimal Solutions

If the set of fixed points D does not satisfy the conditions of Theorem 2.9, then a
hyperplane could be superior to all hyperspheres. In this case no optimal solution to
the minisum hypersphere problem exists. The goal of this section is to show that for
the generalized minisum hypersphere problem always an optimal solution exists;
that is, there exists either a hypersphere or a hyperplane S∗ such that

inf{ f (S) : S ∈ G } = f (S∗).

Having this result, we can draw the following conclusion: If a hyperplane is not
an optimal solution to the generalized minisum hypersphere problem, then a min-
isum hypersphere exists. Hence, a minisum hypersphere exists if the conditions of
Theorem 2.9 are met by the fixed points in D .

First, we note that any minisum hypersphere must intersect the convex hull of the
fixed points.

Lemma 2.11 ([Nie10]). If a hypersphere S1 does not intersect the convex hull of the
fixed points D , then there exists a hypersphere S2 superior to S1.

Proof. See [Nie10] for the Euclidean case. In Corollary 3.20 we state a similar result
for the more general case of arbitrary norms. 	
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Now, we study the set G in more detail. To this end consider the equation

0 = u‖Y‖2 + 2VtY + w (2.4)

where u,v ∈ R, Y,V ∈ R
n, see [Ber87]. For u �= 0 this equation is equivalent to

0 =
1
u

(‖uY +V‖2 + uw−‖V‖2) . (2.5)

Equations (2.4) and (2.5) induce a correspondence between points (u,V,w) ∈ R×
R

n ×R and generalized hyperspheres. Indeed, for any point (u,V,w) ∈ {0}× (Rn \
{0})×R, (2.4) describes the hyperplane

H =
{

Y ∈ R
n : VtY + 2−1w = 0

}
;

for (u,V,w) ∈ (R\ {0})×R
n×R we have

{
Y ∈ R

n :
1
u

(‖uY +V‖2 + uw−‖V‖2) = 0

}

=
{

Y ∈ R
n : u‖Y + u−1V‖2 = u−1(‖V‖−uw)

}

=
{

Y ∈ R
n : ‖Y − (−u−1V )‖ =

√
u−2(‖V‖2 −uw)

}
.

Hence, (2.5) describes the hypersphere S(X ,r) where

X = −u−1V,

r =
√

u−2(‖V‖2 −uw).

Thus, we can parameterize the set G by R
n+2. Not all points (u,V,w) corre-

spond to generalized hyperspheres. For instance, we have S(X ,r) = /0 whenever
‖V‖2 −uw < 0. Defining G

∗
as the set of all points (u,V,w) ∈ R

n+2 where ‖V‖2 −
uw ≥ 0 holds, Nievergelt [Nie10] was able to prove the following result.

Lemma 2.12 ([Nie10]). For all n ≥ 2 and any point A ∈ R
n, the distance d(S,A)

between A and the generalized hypersphere with coefficients (u,V,w) is continuous
on G

∗ \ {(0,0,1)} and diverges to infinity as (u,V,w) tends to (0,0,1).

The proof of Lemma 2.12 is mainly based on results from Algebraic Geometry. We
do not present it here and refer the reader to the original work of Nievergelt.

Combining Lemmas 2.11 and 2.12 we obtain the main result of this section.

Theorem 2.13 ([Nie10]). There always exists an optimal solution to the generalized
minisum hypersphere problem.

Proof. Let S(X ,r) be any (not necessary optimal) solution to the generalized min-
isum hypersphere problem. Then for each fixed point Am consider the set Lm of
points (u,V,w) ∈ G

∗
that correspond to generalized hyperspheres having a dis-

tance to Am which is less than or equal to dm(S(X ,r)). By using Lemma 2.12 we
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may conclude that Lm is compact for each 1 ≤ m ≤ M. Hence the intersection
L =

⋂
1≤m≤M Lm is also compact. Considering the objective function f as a func-

tion on G
∗

it follows that f attains a minimum on L. Using Lemma 2.11 it follows
that this minimum is a global minimum of f on G

∗
. 	


Corollary 2.14. Let D ⊆ R
n be in general position. Suppose M ≥ n+3 and that no

triple of the fixed points is collinear. Then any optimal solution to the generalized
minisum hypersphere problem is a hypersphere S ∈ G .

Proof. Follows from Theorems 2.9 and 2.13. 	


2.5 Incidence Properties

We now consider incidence properties for the generalized minisum hypersphere
problem; that is, the feasible set G consists of all hyperplanes and -spheres in R

n.

Lemma 2.15. For any n ≥ 2 there exists at least one optimal solution to the gener-
alized minisum hypersphere problem on R

n that intersects at least one fixed point.

Proof. If a hyperplane H is an optimal solution it is known from results for the
Euclidean minisum hyperplane problem that H is the affine hull of n affinely inde-
pendent fixed points (see, e.g., [Sch99]). Therefore we only consider the case where
a minisum hypersphere with radius r < ∞ exists.

Let S(X ,r)∈ G be a minisum hypersphere. Keeping X fixed we obtain a function
in r, namely,

h(r) = f (S(X ,r)) =
M

∑
m=1

ωm|‖X −Am‖− r|.

This is equivalent to a one-dimensional median problem; hence there exists some
m0 ∈ {1, . . . ,M} such that the minimizer r∗ of h(r) satisfies

r∗ = ‖X −Am0‖.

Consequently, the corresponding hypersphere S(X ,r∗) is still a minisum hyper-
sphere that intersects Am0 . 	

Lemma 2.15 shows that the optimal radius satisfies the median property; that is, the
sum of weights inside an optimal hypersphere and the sum of weights outside the
hypersphere cannot differ too much.

Corollary 2.16 (Median property). Let S ∈ G be an optimal solution to the gen-
eralized minisum hypersphere problem. If S is a hypersphere then define J+, J0, and
J− according to Notation 1.8. If S is a hyperplane then denote the fixed points on
either side of S by J+ and J−, respectively. Then we have

∑
m:Am∈J−∪J0

ωm ≥ ∑
m:Am∈J+

ωm and ∑
m:Am∈J+∪J0

ωm ≥ ∑
m:Am∈J−

ωm,
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or, equivalently, ∣∣∣∣∣ ∑
m:Am∈J−

ωm − ∑
m:Am∈J+

ωm

∣∣∣∣∣ ≤ ∑
m:Am∈J0

ωm.

Proof. Due to Theorem 2.13 an optimal solution to the generalized minisum hyper-
sphere problem is either a hypersphere or a -plane. In the former case the result is a
consequence of the proof of Lemma 2.15. In the latter case the result is known, see
[Sch99]. 	


We give a dominance criterion for the minisum hypersphere problem which is
analogous to the majority theorem of Witzgall [Wit64] for location of a point. For
this purpose we define

Testm := 2ωm −
M

∑
m=1

ωm, 1 ≤ m ≤ M.

Lemma 2.17. Suppose a minisum hypersphere S(X ,r) ∈ G exists. If there exists a
fixed point Am ∈ D such that Testm > 0, then S(X ,r) intersects the fixed point Am,
i.e., Am ∈ S(X ,r). If Testm = 0, then there exists at least one optimal solution that
intersects Am.

Proof. Without loss of generality assume Test1 > 0. Let S = S(X ,r) be a min-
isum hypersphere and assume A1 /∈ S. We show that A1 /∈ S is a contradiction to
the optimality of S. To this end we construct a hypersphere S′ = S(X ′,r) such that
f (S′) < f (S).

Let Ym ∈ S such that ‖Ai −Yi‖ = dm(S), 1 ≤ m ≤ M. Furthermore, let X ′ = X +
A1 −Y1 and S′ = S(X ′,r). Then, we have

‖Ym + A1 −Y1 −X ′‖ = ‖Ym −X‖ = r

for all m = 1, . . . ,M; that is, Ym + A1 −Y1 ∈ S′. In particular we obtain d1(S′) = 0
and finally

f (S′) =
M

∑
m=2

ωmdm(S′)

≤
M

∑
m=2

ωm‖Ym + A1 −Y1 −Am‖

≤
M

∑
m=2

ωm‖Ym −Am‖+
M

∑
m=2

ωm‖A1 −Y1‖

=
M

∑
m=2

ωmdm(S)+
M

∑
m=2

ωmd1(S)

= f (S)−d1(S)

(
ω1 −

M

∑
m=2

ωm

)

= f (S)−d1(S) ·Test1,
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i.e., f (S′) < f (S) if Test1 > 0. If Test1 = 0, then f (S′)≤ f (S), so that the optimality
of S implies that S′ is also optimal. 	


A stronger incidence property for the planar case is shown by Brimberg et al.
[BJS09b]: All minisum circles intersect at least two fixed points. This result is ex-
tended to arbitrary dimensions n ≥ 2 by Nievergelt [Nie10].

Theorem 2.18 ([Nie10]). All minisum hyperspheres intersect at least two fixed
points.

The proof of Theorem 2.18 is based on the fact that the Laplacian of the objective
function f (S(X ,r) is strictly negative at the center X if S(X ,r) intersects at most
one fixed point. The planar version of Theorem 2.18 was stated earlier by Brimberg,
Juel, and Schöbel [BJS09b]. Also their proof is based on a strictly negative
Laplacian.

For n = 2, M = 4, and equal weights, a stronger version of Theorem 2.18 applies.

Theorem 2.19 ([Nie10]). Let n = 2, D = {A1,A2,A3,A4} ⊆ R
2, and assume equal

weights ω1 = . . . = ω4. Then at least one generalized minisum circle intersects three
fixed points.

Like Theorem 2.18, this result is also shown by analysis of second-order derivatives
of the objective function f . Note that the result implies that a straight line cannot be
an optimal solution, provided that no triple of the fixed points is collinear.

Remark 2.20. Examples in [Sch07] and [Nie10] show that Theorem 2.19 does not
extend to instances with more than four fixed points. In particular, the example of
Scholz [Sch07] shows that Theorem 2.19 is also not true for more than four fixed
points if we additionally suppose that no triple of the fixed points is collinear.

Since the example of Scholz is only available in German we state it here.

Example 2.21 ([Sch07]). Let n = 2, and let six fixed points be given such that

A1 = (0,1), A2 = (0,−1), A3 = (0.8,0),
A4 = (−0.8,0), A5 = (0.1,0.9), A6 = (−0.1,−0.9).

Furthermore, let ω := ω1 = · · · = ω6 and let Ci jk denote the circle intersecting Ai,
A j, and Ak. Elementary calculations show f (Ci jk) > 0.4 ·ω for any triple 1 ≤ i <
j < k ≤ 6. But the circle C′ = C(X ′,r′), where X ′ = (0,0) and r′ = ‖A5‖ = ‖A6‖,
has objective value f (C′) = 0.4 ·ω . Hence, there does not exist a minisum circle
intersecting three fixed points. The example is illustrated in Fig. 2.2.

The following example shows that the assumption of equal weights is necessary
in Theorem 2.19.

Example 2.22. Let n = 2, and let four fixed points be given such that

A1 = (0,6), A2 = (0,−6), A3 = (−5,0), A4 = (5,0).
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Fig. 2.2 Illustration of Example 2.21

Let ω1 = ω2 = 100, ω3 = ω4 = 1, and let Ci jk denote the circle intersecting Ai, A j,
and Ak. Elementary calculations show

f (C123) = f (C124) = 2.2 and f (C134) = f (C234) ≈ 183.37.

Since the circle C(X ,r) with center X = (0,0) and radius r = 6 has objective value
f (C(X ,r)) = 2, none of the circles Ci jk is a minisum circle.

We close this section with a counterexample disproving the following conjecture.

Conjecture 2.23. The center of a minisum circle is always the intersection point
between two bisectors B(Ai,A j), B(Ak,Al) of four (not necessary pairwise distinct)
fixed points Ai,Aj,Ak,Al .

Example 2.24. Let n = 2, and let four fixed points be given such that

A1 = (0.5,1), A2 = (0.5,0), A3 = (0.1,0.5), A4 = (0.9,0.5).

Furthermore, let ω1 = ω2 = 100, ω3 = 1.1, and ω4 = 1.
Consider Table 2.1. In the first column the intersection point X between the bi-

sectors Bi j and Bkl is reported. In the second column the optimal radius r∗ corre-
sponding to the center point X is stated which can be easily computed by applying
Theorem 2.18. The third column contains the objective value f (C(X ,r∗)) corre-
sponding to the circle with center X and radius r∗. As it may be obtained from
Table 2.1 the best circle has objective value 0.21, its center is at the origin, and it
intersects A1 and A2. But this circle is not a minisum circle. Indeed, let

X =

(
2+

√
1760

2
√

1760
0.5

)
≈

(
0.5238

0.5

)
, r =

(
1

1760
+

1
4

) 1
2

≈ 0.5233.
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Then the circle with center X and radius r has objective value

f (C(X ,r)) =
11√
110

− 21
25

≈ 0.2088,

i.e., C(X ,r) is superior to any circle C(X ,r) reported in Table 2.1. C(X ,r) and the
four fixed points A1, A2, A3, and A4 are depicted in Fig. 2.3. It can be shown that
C(X ,r) is a minisum circle.

Note that Example 2.24 uses different weights for the fixed points. It remains
an open question whether or not Conjecture 2.23 is true in case of equal weights.
Brimberg et al. prove in [BJS09b] that for equal weights, an unbounded number of
fixed points (M → ∞), and further mild conditions any minisum circle intersects
three fixed points. Nievergelt shows in [Nie10] that for equal weights a minisum
circle that intersects exactly two fixed points has to satisfy strict conditions. In order

Table 2.1 Objective values of circles intersecting at least two
fixed points

X r∗ f (C(X, r∗))
B12 ∩B13 = (0.6125,0.5) ‖A1 −X‖ = 0.5125 0.225
B12 ∩B23 = (0.6125,0.5) ‖A1 −X‖ = 0.5125 0.225
B12 ∩B23 = (0.6125,0.5) ‖A1 −X‖ = 0.5125 0.225
B12 ∩B24 = (0.3875,0.5) ‖A1 −X‖ = 0.5125 0.2475
B12 ∩B14 = (0.3875,0.5) ‖A1 −X‖ = 0.5125 0.2475
B14 ∩B24 = (0.3875,0.5) ‖A1 −X‖ = 0.5125 0.2475
B13 ∩B14 = (0.5,0.59) ‖A1 −X‖ = 0.41 18
B13 ∩B34 = (0.5,0.59) ‖A1 −X‖ = 0.41 18
B14 ∩B34 = (0.5,0.59) ‖A1 −X‖ = 0.41 18
B23 ∩B24 = (0.5,0.41) ‖A2 −X‖ = 0.41 18
B23 ∩B34 = (0.5,0.41) ‖A2 −X‖ = 0.41 18
B24 ∩B34 = (0.5,0.41) ‖A2 −X‖ = 0.41 18
B12 ∩B34 = (0,0) ‖A1 −X‖ = 0.5 0.21
B13 ∩B24 = /0
B14 ∩B23 = /0

Fig. 2.3 Illustration of Example 2.24



34 2 Euclidean Minisum Hyperspheres

to state these conditions suppose that C(X ,r) is a minisum circle that intersects the
fixed points A1 = (0,y) and A2 = (0,−y). Then we have X = (t,0) for some t ∈ R

and t must satisfy

∑
m:Am∈J+

Am1 − t√
(Am1 − t)2 + A2

m2

= ∑
m:Am∈J−

Am1 − t√
(Am1 − t)2 + A2

m2

and

∑
m:Am∈J+

(Am1 − t)2

(Am1 − t)2 + A2
m2

�= ∑
m:Am∈J−

(Am1 − t)2

(Am1 − t)2 + A2
m2

where Am = (Am1,Am2) for all 1 ≤ m ≤ M.

2.6 Solution Approaches for the Planar Case

Theorem 2.18 gives rise to a solution approach for the Euclidean minisum circle
problem. According to this result the center of any minisum circle must lie on the
bisector of two fixed points. Thus, the search for an optimal solution may be re-
duced to a series of one-dimensional searches along all bisectors defined by the
fixed points D . This search can be done by performing two steps. Firstly, for all
circles passing through three fixed points and satisfying the median property (cf.
Corollary 2.16) compute the corresponding objective value. Subsequently, search
for local minima of f on each open segment I ⊆ Bi j, 1 ≤ i < j ≤ M, that does
not intersect another bisector. Following this approach all minisum circles may be
reported in O(M4) operations (cf. [BJS09b]).

If the fixed points D have equal weights, are in general position, and have the
property that at most three distinct fixed points lie on a circle, then it is possible to
exclude segments I ⊆ Bi j, 1 ≤ i < j ≤ M, from the search, see [Nie10]. However,
the worst case complexity of the search remains unchanged. If the fixed points do
not satisfy the conditions of Theorem 2.9 then also all straight lines through two
distinct fixed points have to be evaluated. This can be done in O(M2) operations,
see Korneenko and Martini [KM90, KM93, MS98].

A natural heuristic approach for the Euclidean minisum circle problem consists
of evaluating all circles passing through three distinct fixed points. In [BJS09b] a
numerical study is presented where 500 location problems with equal weights are
investigated. In 498 cases the heuristic was able to find an optimal solution. The
relative error of the heuristic in the two remaining cases is smaller than 0.01%. For
weighted sets of fixed points no results are reported in [BJS09b].

Whereas the exact method proposed by Brimberg et al. [BJS09b] and Nievergelt
[Nie10] is not appropriate for large instances, it turned out that the big cube small
cube method also solves large instances very efficiently. The big cube small cube
method is a geometric branch and bound scheme where a (bounded) solution space
is decomposed into (hyper)cubes. For each cube, lower and upper bounds are com-
puted and used in order to discard cubes. If a cube cannot be discarded, then it is split
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into smaller cubes. The method ends with an ε-approximation of an optimal solution
where ε > 0 can be chosen arbitrarily, see [SS10] for further details. Schöbel and
Scholz [SS10] apply the big cube small cube method to a restricted version of the
Euclidean minisum circle problem where center X and radius r have to lie in a com-
pact box B ⊆ R

3. They study weighted instances with up to 10,000 fixed points and
solve each in less than 11 s with an accuracy of ε = 10−10. The big cube small cube
method can also be applied to minisum hypersphere problems, i.e., for higher di-
mensions n ≥ 3. But in this case the number of hypercubes increases exponentially
in n and therefore the performance of the method decreases. The Euclidean min-
isum circle location problem is also studied by Blanquero et al. [BCH09]. They use
a representation of the objective function as difference of convex functions and DC
programming (see, e.g., [AT05]) in order to approximate minisum circles.

2.7 Concluding Remarks

From a practical point of view the planar version of the Euclidean hypersphere prob-
lem is solved. In most cases the conditions of Theorem 2.9 are met by the fixed
points and an upper bound for the radius can be obtained. Thus, all (restricted) min-
isum circles may be approximated with arbitrary accuracy using the big cube small
cube method. However, from a mathematical point of view there remain open ques-
tions. As mentioned above it is an open question whether or not Conjecture 2.23 is
true for fixed points with equal weights. Another open point is an estimation of the
difference between the objective value of a minisum circle and the objective value
of the best circle passing through three fixed points. As Nievergelt already noted in
[Nie10], an efficient algorithm analog to Korneenko and Martini’s Anchored Median
Hyperplane Algorithm [KM90, KM93, MS98] for the task of computing the best cir-
cle through three fixed points is also of interest. Further possible lines of research
may include the multicircle problem where more than one circle is sought and ob-
noxious facility location problems where some fixed points have negative weights.

For arbitrary dimensions n ≥ 3 an efficient algorithm for the Euclidean minisum
hypersphere problem is not available. The geometric descriptions known for min-
isum hyperspheres for n ≥ 3 are not sufficient in order to give rise to a solution
method. Thus, further analysis of minisum hyperspheres is required. Alternatively,
general approaches of global optimization may be used in order to approximate
minisum hyperspheres in a practical setting.

An interesting special case of the Euclidean minisum circle problem is the case
where the radius is fixed. In this case the only decision variable is the center X ∈R

2.
Brimberg et al. [BJS09b] studied this problem. In contrast to the unrestricted prob-
lem where any minisum circle intersects at least two fixed points they showed that
an optimal circle for the problem with fixed radius need not intersect any of the fixed
points. Furthermore, they showed that for a sufficiently small radius r there exists
a strong relation between the Euclidean minisum circle problem with fixed radius r
and the Weber problem: Let X ∈ R

2 be an optimal solution to the Weber problem
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with weighted fixed points D . Then C(X ,r) is an optimal solution to the minisum
circle problem with radius r, provided that d(A,X)≥ r for all A ∈ D . Analog results
for higher dimensions n ≥ 3 seem possible, but require further analysis.

Another problem related to the Euclidean minisum hypersphere problem is the
location of an (n− 1)-dimensional hypersphere on an n-dimensional hypersphere.
For the case n = 3 this problem is studied in [BJS07]. It is shown that at least one
optimal circle for this problem exists passing through one fixed point. The stronger
incidence property that any optimal circle passes through at least two fixed points
is an open question. For the special case of locating great circles on a sphere this
incidence property applies (cf. [BJS09b]).

Also of interest is the problem of locating a circle in an n-dimensional space.



Chapter 3
Minisum Hyperspheres in Normed Spaces

3.1 Basic Assumptions

In this section we analyze properties of the minisum hypersphere problem in a
normed plane, i.e., we consider the following setting:

Dimensions: n ≥ 2, M ≥ 2
Norm: Arbitrary norm ‖ · ‖ in R

n

Objects: Hyperspheres defined with respect to ‖ · ‖
Metric: Induced by ‖ · ‖; d(X ,Y ) := ‖Y −X‖
Distance: d(S,Am) = min{d(Y,Am) : Y ∈ S}, 1 ≤ m ≤ M
Objective: f (S) = ∑M

m=1 ωmd(S,Am) → min

All results presented in this chapter assume that the above setting is satisfied. In
addition we assume without exception that at least three fixed points are given, i.e.,
M ≥ 3. For M ≤ 2 the minisum hypersphere problem is trivial.

There are a lot of results which are valid for the Euclidean norm but do not extend
to arbitrary norms. For instance, arbitrary norms do not have perpendicular bisec-
tors. Even more, a bisector of an arbitrary norm may contain two-dimensional re-
gions as we have seen in Section 1.3. In this chapter we discuss which results for the
Euclidean case are still valid for arbitrary norms and which results do not hold true
for arbitrary norms. The two-dimensional results presented in this chapter are based
on some joint work with Brimberg, Juel, Schöbel, and the author, see [BJKS09].

3.2 Distance

As for the Euclidean case there exists a simple formula for the point–hypersphere
distance.

M.-C. Körner, Minisum Hyperspheres, Springer Optimization and Its Applications 51, 37
DOI 10.1007/978-1-4419-9807-1 3, c© Springer Science+Business Media, LLC 2011
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Lemma 3.1. The distance between a hypersphere S(X ,r) and a point A is given by

d(S(X ,r),A) = |‖X −A‖− r|.

Proof. Only properties of a norm were used in the proof of Lemma 2.1. Therefore,
the result may be obtained analogously to Lemma 2.1. ��
As a consequence we obtain the following convexity properties.

Corollary 3.2. Let A,X ∈ R
n. Then the point–hypersphere distance d(S(X ,r),A) is

convex and piecewise linear in r.

Corollary 3.3. Let X ,A ∈ R
n. Then the distance d(S(X ,r),A) is

(i) concave in (X ,r) on the set

V = {(X ,r) ∈ R
n×]0,∞[: ‖X −A‖ ≤ r}

and
(ii) convex in (X ,r) on any convex set U ⊆ (Rn×]0,∞[) \V .

The following symmetry property applies.

Corollary 3.4. Let A ∈ R
n and S(X ,r) ∈ G . Then we have S(A,r) ∈ G and

d(S(X ,r),A) = d(S(A,r),X).

Proof. S(A,r) ∈ G is clear. Therefore d(S(A,r),X) is well-defined and the result
follows from Lemma 3.1. ��
Note that in Section 2.2 exactly the same results were obtained for the Euclidean
case.

3.3 Degenerated Solutions

Independent of the norm ‖ · ‖, a hypersphere degenerated to a point (radius r = 0)
cannot be a minisum hypersphere.

Lemma 3.5. Any hypersphere S(X ,r) with radius r = 0 cannot be a minisum
hypersphere.

Proof. The result may be obtained analogously to Lemma 2.5 by substituting the
Euclidean norm in the proof for an arbitrary norm ‖ · ‖. ��

For the Euclidean case, we have shown in Lemma 2.8 that another extreme is
possible: a minisum hypersphere can be degenerated to a hyperplane. More pre-
cisely, for any dimension n ≥ 2 there exist a set of fixed points and a hyperplane H
such that the objective value of H is superior to the objective value of any Euclidean
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hypersphere. Thus, in general the set of all Euclidean hyperspheres does not con-
tain a minisum hypersphere. The following result shows that for any norm ‖ · ‖ a
hyperplane can exist which is superior to all hyperspheres (defined with respect to
norm ‖·‖). For the class of strictly convex norms and the class of smooth norms this
implies that it is possible that no minisum hypersphere exists.

Lemma 3.6. Let ‖ · ‖ be any norm in R
n. Then for each n ≥ 2 there exist a finite

set D ⊆ R
n and a hyperplane H such that the objective value of H is superior to

the objective value of any hypersphere. Furthermore, for smooth or strictly convex
norms there exist finite sets D ⊆ R

n such that no hypersphere is an optimal solution
to the corresponding minisum hypersphere problem with fixed points D .

Proof. Let H ⊆ R
n be a hyperplane and choose a finite set D such that D ⊆ H and

|D | > 2. Then the distance between H and each fixed point Am ∈ D is zero; hence,
f (H) = 0. If ‖·‖ is smooth or strictly convex, then there does not exist a hypersphere
S(X ,r) such that D ⊆ S(X ,r); hence, f (S(X ,r)) > 0. If ‖ · ‖ is a polyhedral norm,
then we cannot choose H arbitrarily. Instead, we choose H such that H is not parallel
to a flat spot of the unit ball of ‖ · ‖. Then we may also conclude f (S(X ,r)) > 0 for
all S(X ,r) ∈ G .

If ‖ · ‖ is smooth or strictly convex, then we can choose H such that a sequence
of hyperspheres exists which converges against H. Therefore, the second part of the
assertion may be obtained analogously to Lemma 2.8. ��
The idea of Lemma 3.6 is to choose the set of fixed points D in such a way that D is
contained in a hyperplane H ⊆ R

n but not in any hypersphere S ∈ G . However, the
following example shows that for smooth norms degenerated solutions are possible
even if the fixed points are in general position.

Example 3.7. Assume n = 2, let ‖ ·‖ be the norm we obtain by rounding the vertices
of a paraxial rectangle, and consider the six fixed points outlined in Fig. 3.1 with
weights ω1 = 10, ω2 = 10, and ω3 = · · · = ω6 = 1. Due to the dominance of the
weights of the fixed points A1 and A2 the line �12 = 〈A1,A2〉 is an optimal solution
to the corresponding line location problem, see [Sch99]. We have f (�12) = 8, since
minY∈�12 ‖Am −Y‖ = 2 for all 3 ≤ m ≤ 6 (see the unit circle C(X0,1) depicted in
Fig. 3.1). Analogously, we may read from Fig. 3.1 that f (C(X1,6)) = 8.

We show that no circle C ∈ G exists which is superior to C(X1,6). To this end
consider the circles C1 = C(A1,0.8) and C2 = C(A2,0.8) depicted in Fig. 3.1. Since
f (C(X1,6)) = 8 any circle C superior to C(X1,6) has to intersect the circles C1 and
C2; otherwise we have f (C)≥ωmdm(C) > 8 for m = 1,2. But any circle intersecting
C1 and C2 has objective value

f (C) ≥
M

∑
m=3

ωmdm(C) ≥ 8.

Hence, we may conclude that no circle C ∈ G exists which is superior to C(X1,6). In
particular, the straight line �12 is a degenerated solution which has the same objective
value as the best circle C ∈ G .
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Fig. 3.1 Circle location problem with smooth but not strictly convex norm

Using the notion of the proof of Lemma 2.8 we can derive a weaker result for
polyhedral norms and smooth but not strictly convex norms.

Lemma 3.8. Let ‖·‖ be a polyhedral norm or a smooth but not strictly convex norm.
Then for each n ≥ 2 there exist a finite set D ⊆ R

n and a hyperplane H such that
the objective value of H is equal to the objective value of a minisum hypersphere
S(X ,r) ∈ G .

Proof. Let D ⊆ R
n be a finite set of fixed points contained in a hyperplane H ⊆ R

n

which is parallel to a flat spot of the unit ball of the norm ‖ ·‖. On the one hand, the
distance between H and the fixed points vanishes and therefore we have f (H) = 0.
On the other hand, due to the construction of D there has to be a hypersphere
S(X ,r) ∈ G such that D ⊆ S(X ,r). We conclude f (S(X ,r)) = f (H); in particular,
we may also conclude that S(X ,r) is a minisum hypersphere. ��

For the class of elliptic norms mild conditions exist guaranteeing that any hyper-
plane is inferior to a minisum hypersphere.

Theorem 3.9. Let D ⊆ R
n be in general position. Suppose M ≥ n + 3 and that no

triple of the fixed points is collinear. If ‖ · ‖ is an elliptic norm, then there does not
exist a hyperplane H such that

f (H) ≤ f (S) for all S ∈ G .

Proof. Let the hyperplane H ⊆R
n be an optimal solution to the minisum hyperplane

location problem. Then H is the affine hull of n affinely independent fixed points,
see Theorem 7.4 in [Sch99]. Thus, H intersects at least n fixed points. Due to the
assumptions of the theorem, H intersects exactly n fixed points, say A1, . . . ,An. We
now construct two hyperspheres Sa = S(Xa,r) and Sb = S(Xb,r) having equal ra-
dius r such that either f (Sa) < f (H) or f (Sb) < f (H). This proves the result since
f (H) ≤ f (H ′) for all hyperplanes H ′ ⊆ R

n.
In order to construct these hyperspheres denote by J1 and J2 the fixed points in

either half-space defined by H; that is,

D = {A1, . . . ,An}∪ J1 ∪ J2.
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Let Pm be the projection of Am on H, m = n + 1,n + 2, . . .,M, such that

d(Am,H) = min
Y∈H

‖Am −Y‖ = ‖Am −Pm‖.

Because an elliptic norm is strictly convex, it follows that Pm is uniquely determined
for each given Am. Using the fact that an elliptic norm is also smooth we may apply
Theorem 1.25 and obtain that there exists a (n−1)-dimensional hypersphere Sn−1 ⊆
H such that Am ∈ Sn−1 for all 1≤m≤ n. Hence, we may construct two hyperspheres
Sa = S(Xa,r), Sb = S(Xb,r) of the same radius, each intersecting A1,A2, . . . ,An such
that Xa,Xb are located in distinct half-spaces separated by H and

‖Xa −Ai‖ = ‖Xa −Aj‖ for all 1 ≤ i < j ≤ n,

‖Xa −Ai‖ = ‖Xb −Ai‖ for all 1 ≤ i ≤ n.

Applying Theorem 1.25 on the n + 1 points A1, . . . ,An,Y where Y /∈ H implies that
we can make the radius r sufficient large so that J−(Sa) = J+(Sb) = J1 and J+(Sa) =
J−(Sb) = J2. Thus, we may obtain a constellation as depicted in Fig. 3.2 for the
planar case.

Fig. 3.2 Two-dimensional illustration of the hyperspheres Sa and Sb constructed in the proof of
Theorem 3.9

Note that A1, . . . ,An lie on the bisector B(Xa,Xb) of Xa and Xb. Since the bisector
of an elliptic norm is a hyperplane, see Theorem 1.52, it follows that B(Xa,Xb) = H.
This means ‖P−Xa‖ = ‖P−Xb‖ for all P ∈ H.

We now investigate the distance from a point A j ∈ J1 to the hyperspheres Sa

and Sb and compare it with the distance of A j to the hyperplane H. Due to the
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triangle inequality we have ‖A j −Xb‖ ≤ ‖A j −Pj‖+ ‖Pj −Xb‖ and ‖Xa −Pj‖ ≤
‖Xa −A j‖+‖Aj −Pj‖. Thus, we obtain

d j(Sa)+ d j(Sb) = (r−‖A j −Xa‖)+ (‖A j −Xb‖− r)
= ‖A j −Xb‖−‖Aj −Xa‖
≤ ‖A j −Pj‖+‖Pj−Xb‖+‖A j −Pj‖−‖Pj −Xa‖
= 2‖Aj −Pj‖ = 2d(H,A j).

Analogously, we obtain

d j(Sa)+ d j(Sb) ≤ 2‖A j −Pj‖ = 2d(H,A j)

for Aj ∈ J2. Since the elliptic norm ‖ · ‖ is strictly convex, the assumptions on
collinearity and number of fixed points (M ≥ n + 3) imply that at least one of these
inequalities is strict. Thus, we finally obtain

f (Sa)+ f (Sb)

= ∑
m∈J1

ωm(dm(Sa)+ dm(Sb))+ ∑
m∈J2

ωm(dm(Sa)+ dm(Sb))

<
M

∑
m=1

ωm2d(H,Am)

=2 f (H);

that is, f (Sa) < f (H) or f (Sb) < f (H). ��

3.4 Existence of Minisum Hyperspheres

If ‖ · ‖ is a polyhedral norm, then a hyperplane may have the same objective value
as a minisum hypersphere, see Lemma 3.8. Nevertheless, for polyhedral norms we
can show that G always contains a minisum hypersphere.

Theorem 3.10. Let ‖ · ‖ be a polyhedral norm. Then G contains a minisum hyper-
sphere.

Proof. Let B denote the unit ball of the polyhedral norm ‖ · ‖. Define

ϒB := {(F1, . . . ,FM) : Fm facet of B, 1 ≤ m ≤ M} .

Furthermore, for any (F1, . . . ,FM) ∈ϒB define

C (F1, . . . ,FM) :=
M⋂

m=1

({Am}+ΓFm)
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where ΓFm is a fundamental cone of norm ‖ · ‖ (cf. Notation 1.39). In our case
of a polyhedral norm ‖ · ‖ the sets C (F1, . . . ,FM) are what Durier and Michelot
call elementary convex sets (cf. [DM85]). Note that each set C (F1, . . . ,FM) is a
(possibly unbounded) convex polyhedron in R

n. Furthermore, we have
⋃

(F1,...,FM)∈ϒB

C (F1, . . . ,FM) = R
n;

that is, the sets C (F1, . . . ,FM) induce a finite tessellation of R
n into convex polyhe-

drons. In the following we show that the minisum hypersphere problem with poly-
hedral norm ‖ · ‖ has a (local) optimum on each set C (F1, . . . ,FM)×]0,∞[; that
is, we show that there exists (X ,r) ∈ C (F1, . . . ,FM)×]0,∞[ such that S(X ,r) is an
optimal solution to the minisum hypersphere problem with solution set

GF1,...,FM := {S(X ,r) : X ∈C(F1, . . . ,FM), r ∈]0,∞[} ⊆ G .

It follows that G has to contain a minisum hypersphere.
Choose an arbitrary set C (F1, . . . ,FM) ⊆ R

n. For any fundamental cone ΓFm

let Em1, . . . ,Emtm , tm ≥ n, denote the extreme points of the corresponding facet of B.
Consider the following linear program:

Minimize ∑M
m=1 ωm(z+

m + z−m)
subject to ∑tm

g=1 βmg − r = z+
m − z−m (1 ≤ m ≤ M)

∑tm
g=1 βmgEmg = X −Am (1 ≤ m ≤ M)

X ∈ C (F1, . . . ,FM)
βmg ≷ 0 (1 ≤ m ≤ M, 1 ≤ g ≤ tm)
z+

m ,z−m ,r ≥ 0 (1 ≤ m ≤ M)

(LP)

Since X ∈ C (F1, . . . ,FM) we have X ∈ {Am}+ ΓFm for all Am ∈ D . In particu-
lar, X − Am ∈ ΓFm for all Am ∈ D . Hence, we obtain from Lemma 1.40 that for
any representation of X − Am = ∑tm

g=1 βmgEmg in terms of Em1, . . . ,Emtm we have

‖X −Am‖ = ∑tm
g=1 βmg. Thus, for any feasible solution to (LP) we have z+

m + z−m =
dm(S(X ,r)), 1 ≤ m ≤ M. It follows that (LP) is equivalent to the restricted minisum
hypersphere problem with solution set GF1,...,FM . From z+

m ,z−m ,ωm ≥ 0 it follows
that (LP) is bounded below by 0. Hence, (LP) has an optimal solution, provided that
C(F1, . . . ,FM) is not empty. ��

Recall that we have shown in Lemma 3.6 that a result analogous to Theorem 3.10
is not possible for smooth or strictly convex norms; that is, for smooth or strictly
convex norms the set G of all hyperspheres in R

n does not always contain a min-
isum hypersphere. For the Euclidean case this problem was solved by defining the
set G of generalized hyperspheres which consists of all Euclidean hyperspheres and
hyperplanes in R

n. It can be shown that G always contains a minimizer for the gener-
alized minisum hypersphere problem with Euclidean norm, see Theorem 2.13. The
definition of generalized hyperspheres may be extended to arbitrary norms but the
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approach leading to Theorem 2.13 cannot be applied to smooth or strictly convex
norms. For strictly convex norms the set of generalized hyperspheres is not large
enough, i.e., there exist instances where neither a hypersphere nor a hyperplane is
an optimal solution, as Example 3.11 shows. But also for smooth norms we cannot
adapt the Euclidean approach since an algebraic relation between hyperspheres (de-
fined with respect to the norm ‖ · ‖) and hyperplanes analog to (2.4) on p. 28 is not
known.

Example 3.11. Assume n = 2 and let ‖ ·‖ be the norm we obtain from the Euclidean
unit ball by deleting the strip between the lines
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and then gluing together the upper and lower remaining parts. The outcome of this
construction is a strictly convex norm with two vertices and the property that the
(limiting) tangents in the vertices have slopes 1 and −1. Now, consider two fixed
points A1, A2 and a third point A3 which is the intersection between the straight
line �1 through A1 with slope 1 and the straight line �2 through A2 with slope −1,
see Fig. 3.3. Note that no circle C ∈ G exists that passes through A1, A2, and A3

(otherwise �1 and �2 cannot be tangents to the strict convex circle C). Furthermore,
note that the bent line through A1, A2, A3 is the local limit of a sequence of circles
C ∈ G with increasing radius. Hence, this bent line is a limit of a sequence of circles
and it has objective value zero. In particular neither a circle nor a straight line can
have the same objective value and therefore neither a circle nor a straight line is a
generalized minisum circle.

Fig. 3.3 Illustration of Example 3.11

In order to ensure the existence of a minisum hypersphere we choose a pragmatic
approach: We do not extend the set G but we restrict it to a smaller set.
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Notation 3.12. Given r > 0 define

Gr = {S(X ,r) ∈ G : 0 < r ≤ r, S(X ,r)∩ conv(D) �= /0} ⊆ G .

We denote the minisum hypersphere problem with feasible set Gr as restricted min-
isum hypersphere problem. An optimal solution to this problem is called restricted
minisum hypersphere.

The following results justify the restriction to Gr.

Lemma 3.13. Let ‖·‖ be an arbitrary norm and suppose that G contains a minisum
hypersphere S(X ,r) with radius r < r. Then we have S(X ,r) ∈ Gr.

Proof. Let S(X ,r) ∈ G be a minisum hypersphere with radius r < r. If S(X ,r) does
not intersect the convex hull of the fixed points, then conv(D) either lies within
or outside the hypersphere S(X ,r). If conv(D) lies within S(X ,r), then we keep
X fixed and decrease r. If conv(D) lies outside S(X ,r), then we increase r. In both
cases we obtain a contradiction to the optimality of S. Hence, S(X ,r) has to intersect
the convex hull of the fixed points and we obtain S(X ,r) ∈ Gr. ��
Corollary 3.14. Let ‖·‖ be an arbitrary norm. If G contains a minisum hypersphere
S(X ,r), then there exists r > 0 such that S(X ,r) ∈ Gr.

Lemma 3.15. There always exists a restricted minisum hypersphere for the re-
stricted minisum hypersphere problem with arbitrary norm ‖ · ‖.

Proof. Note that

U = {X ∈ R
n : min

Y∈conv(D)
‖X −Y‖ ≤ r}× [0,r]

is closed and bounded and therefore a compact subset of R
n ×R. Due to the fact

that g(X ,r) := f (S(X ,r)) is continuous in X and r on R
n × [0,∞[, see Lemma 3.1,

we may conclude that g(X ,r) attains a minimum on U , say (X∗,r∗). Since

Gr ⊆ {S(X ,r) : (X ,r) ∈ U }

it remains to show S(X∗,r∗) ∈ Gr. To this end assume the opposite; that is, assume
S(X∗,r∗) /∈ Gr. Then we may distinguish two cases:

(i) S(X∗,r∗)∩ conv(D) = /0 and r > r∗ > 0
(ii) r∗ = 0

In case (i) we have S(X∗,r∗) ∈ G and r∗ < r, hence we may apply Lemma 3.13 and
obtain a contradiction. Using Lemma 3.5 we also obtain a contradiction for case (ii);
a minisum hypersphere cannot have radius r = 0. ��

In summary, if G contains a minisum hypersphere then it is always possible to
choose r in such a way that also Gr contains this minisum hypersphere. If G does not
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contain a minisum hypersphere then Gr even so contains an optimal solution which
is a local minimum of the minisum hypersphere problem. Beyond that, numerical
results show that for a set of fixed points D in general position it is unlikely that G
does not contain a minisum hypersphere. Thus, the restriction of G to Gr may be
less important in a practical setting.

3.5 Incidence Properties

In this section we study incidence properties for minisum hyperspheres in G . As
mentioned in the previous section, the existence of a minisum hypersphere in G is
ensured, provided that ‖ · ‖ is a polyhedral norm.

Using Lemma 3.1 we obtain the following result.

Corollary 3.16. Let ‖ · ‖ be a norm in R
n and suppose that G contains a minisum

hypersphere. Then there exists at least one minisum hypersphere intersecting at least
one fixed point.

Proof. Let S(X ,r) ∈ G be a minisum hypersphere. Keeping X fixed we obtain a
function in r, namely,

h(r) = f (S(X ,r)) =
M

∑
m=1

ωm|‖X −Am‖− r|.

This is equivalent to a one-dimensional median problem; hence, there exists some
m0 ∈ {1, . . . ,M} such that the minimizer r∗ of h(r) satisfies

r∗ = ‖X −Am0‖.

Consequently, the corresponding hypersphere S(X ,r∗) intersects Am0 . ��
The following example shows that Corollary 3.16 does not hold for the restricted
minisum hypersphere problem.

Example 3.17. Assume n = 2, r = 1, and consider the following example using the
Manhattan norm, with M = 3 fixed points and weights given as follows:

m Am ωm

1 (2,0) 1
2 (0,1) 1
3 (0,−1) 1

The unique restricted minisum circle is the circle C(O,1) with radius 1 having its
center at the origin O. C(O,1) does not contain any fixed point; that is, C(O,1) does
not have the median property. An illustration of this example is depicted in Fig. 3.4.
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Fig. 3.4 Illustration of Example 3.17

Corollary 3.16 shows that the radius of a minisum hypersphere satisfies the median
property, namely, that the sum of weights inside a minisum hypersphere and the
sum of weights outside a minisum hypersphere cannot differ too much.

Corollary 3.18 (Median property). Let ‖ · ‖ be a norm in R
n and suppose that

G contains a minisum hypersphere S(X ,r) ∈ G and define J+, J−, J0 according to
Notation 1.8. Then we have

∑
m:Am∈J−∪J0

ωm ≥ ∑
m:Am∈J+

ωm and ∑
m:Am∈J+∪J0

ωm ≥ ∑
m:Am∈J−

ωm,

or, equivalently, ∣∣∣∣∣ ∑
m:Am∈J−

ωm − ∑
m:Am∈J+

ωm

∣∣∣∣∣ ≤ ∑
m∈J0

ωm.

Remark 3.19. Note that Lemma 1.5 (see Section 1.2.2) is a consequence of
Corollary 3.18.

The median property implies the following generalization of Lemma 3.13.

Corollary 3.20. For any norm ‖ · ‖, if a hypersphere S ∈ G does not intersect the
convex hull of the fixed points D , then S is not a minisum hypersphere.

Proof. Let S(X ,r) ∈ G and assume that S(X ,r)∩ conv(D) = /0. Then S(X ,r) does
not satisfy the median property. Hence, it cannot be a minisum hypersphere, see
Corollary 3.18. ��

In the Euclidean case all minisum hyperspheres intersect at least two fixed points
(see Theorem 2.18). This incidence property is not true for the case of an arbitrary
norm as the following counterexample demonstrates.
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Example 3.21. Assume n = 2 and consider the following small illustrative example
using the Manhattan norm, with M = 4 fixed points and weights given as follows:

m Am ωm

1 (−0.5,−0.5) 10
2 (−0.5,0.25) 0.5
3 (0,−1.1) 1
4 (−1.1,0) 1

The optimal solution after enumeration (using results described in Section 3.6) is
found to be C1 = C((0,0),1), or any circle C((t,0),t + 1) for t ≥ 0. Each of these
circles only intersects the point A1 and none of the other fixed points, see Fig. 3.5.

Fig. 3.5 Illustration of Example 3.21. All optimal circles C intersect only one fixed point

However, we have the following weaker incidence property.

Lemma 3.22. Let ‖ · ‖ be a norm in R
n and assume that S(X ,r) ∈ G is a minisum

hypersphere. Then S(X ,r) intersects the convex hull of the fixed points in at least
two points, i.e.,

|S(X ,r)∩ conv(D)| ≥ 2. (3.1)

Furthermore, if this set of intersection points, denoted by I, is finite, it has to be a
subset of the fixed points D .

Proof. The set of intersection points I cannot be empty, see Corollary 3.20. If I is
finite, then all points in I must be extreme points of the convex hull of D . Hence, in
this case we have I ⊆D . It remains to show that |I|= 1 is not possible. To this end let
S(X ,r) be a minisum hypersphere and suppose that I = {Am} for some fixed point
Am ∈ D . Then two cases are possible. Either D is inside or outside of S(X ,r), i.e.,
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I− = D \ I or I+ = D \ I. In both cases we can decrease and increase, respectively,
the radius r and adjust the center X such that the objective value f (S(X ,r))
decreases. ��
Note that for the Euclidean norm Lemma 3.22 follows from the incidence property
stated in Theorem 2.18.

The following results shows that the dominance criterion for the Euclidean norm
stated in Lemma 2.17 extends to arbitrary norms.

Lemma 3.23. Let ‖ · ‖ be a norm in R
n and suppose a minisum hypersphere

S(X ,r) ∈ G exists. If

Testm := 2ωm −
M

∑
m=1

ωm > 0

for some 1 ≤ m ≤ M, then S(X ,r) has to intersect the fixed point Am, i.e., Am ∈
S(X ,r). If Testm = 0, then there exists at least one optimal solution that intersects
Am.

Proof. Replace the Euclidean norm in the proof of Lemma 2.17 by an arbitrary
norm ‖ · ‖. ��

3.6 Polyhedral Norms in the Plane

The goal of this section is to derive a geometric description for the set of all points
X ∈ R

2 that correspond to the center of a minisum circle C(X ,r). Throughout this
section we denote the unit ball of the polyhedral norm ‖ · ‖ with B and refer to its
fundamental directions by

Ext(B) = {Eg : 1 ≤ g ≤ s}.
In order to exclude degenerated bisectors, we assume that no straight line 〈Ai,Aj〉,
1 ≤ i < j ≤ M, is parallel to a flat spot of the unit ball B. Then Theorem 1.48
ensures that all bisectors Bi j, 1 ≤ i < j ≤ M, are uniquely defined piecewise linear
curves. Since any problem may be slightly perturbed to guarantee this condition, the
assumption is not limiting in a practical setting.

Let LD be the set of all direction lines (see Notation 1.32) through each of the
fixed points Am ∈ D . The set LD induces a subdivision of the plane into vertices,
edges, and faces. Some of the edges and faces are unbounded. In Computational
Geometry this subdivision is called the arrangement induced by LD , see, e.g.,
[BKOS00]. We refer to this arrangement by A (LD). For our purposes it is con-
venient to assume that each face of the arrangement A (LD) is closed. Figure 3.6
shows an example of an arrangement. As it can be seen in Fig. 3.6, each face of
A (LD) is given as the intersection

M⋂
m=1

{Am}+Γg(m)
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where g(m) ∈ {1, . . . ,s} for 1 ≤ m ≤ M, and Γg(m) is a cone generated by adjacent
fundamental directions of norm ‖ · ‖, see Section 1.3.4. In particular, each face of
A (LD) is convex. For polyhedral norms each face of A (LD ) is an elementary
convex set according to the concept introduced by Durier and Michelot (see [DM85]
for further details). In the following it is important that the distance ‖X −Am‖ is
affine linear in X on each face of the arrangement A (LD).

Fig. 3.6 Arrangement A (LD ) induced by direction lines of the Manhattan norm through the fixed
points A1, A2, A3, and A4. Each intersection point of two direction lines is a vertex of A (LD ). Each
line segment with end points at intersection points of direction lines and each ray with start point
at an intersection point of two direction lines are edges of A (LD ). Each two-dimensional cell is a
face of A (LD )

Lemma 3.24. For any Am′ ∈ D , the function hm′(X) = ‖X −Am′‖ is affine linear in
X on each face F of the arrangement A (LD).

Proof. Let F be a face of the arrangement A (LD ). Then, for each Am ∈ D there
exists g(m) ∈ {1, . . . ,s} such that

F =
M⋂

m=1

{Am}+Γg(m).

Lemma 1.38 implies that hm′(X) is affine linear on the cone {Am′}+ Γg(m′). Since
F ⊆ {Am′ }+Γg(m′) we obtain the assertion. ��

From Lemma 3.24 we may conclude that the bisector Bi j ∩F has to be empty,
a single point, a line segment, or a half-line, 1 ≤ i < j ≤ M. (In general also
Bi j ∩F = F is possible, but our assumptions exclude this case.) Hence, we can
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refine the arrangement A (LD) by adding the set of bisectors {Bi j : 1 ≤ i < j ≤ M}
to LD , i.e., we define

L := {Bi j : 1 ≤ i < j ≤ M}∪LD

and conclude that A (L ) is a refinement of A (LD ). In particular, the faces of
the arrangement A (L ) remain convex. Each face of the arrangement A (L ) is an
ordered elementary convex set according to the concept introduced by Nickel and
Puerto [NP05]. An example of an arrangement A (L ) is depicted in Fig. 3.7.

Fig. 3.7 Arrangement A (L ) for the fixed points A1, A2, A3, and A4 where the Manhattan norm is
used in order to define direction lines and bisectors Bi j, 1 ≤ i < j ≤ 4

Now, let X ∈ R
2 be given and consider the one-dimensional problem

hX (r) = f (C(X ,r)) =
M

∑
m=1

ωmdm(C(X ,r)) =
M

∑
m=1

|‖X −Am‖− r|.

Due to Corollary 3.2 we conclude that hX is convex and piecewise linear in r. Hence,
we may define

r∗X = min{r ≥ 0 : hX(r) ≤ hX (r′) ∀ r′ ≥ 0},
i.e., we take the smallest median if the median is not unique. We conclude that the
circle C(X ,r∗X ) intersects at least one of the fixed points denoted as Ar∗X . Given a
face F ∈ A (L ) we now show that for all X ∈ F the circle C(X ,r∗X ) intersects the
same unique fixed point Ar∗X .

Lemma 3.25. Let F be a face of the arrangement A (L ). For all X ∈F , the circle
C(X ,r∗X ) intersects the same unique fixed point Ar∗X . Furthermore, the subsets J−, J0,
and J+ remain unchanged for all C(X ,r∗X) with X ∈ F .

Proof. Consider any point X ∈ F . Since X does not lie on a bisector, any circle
C(X ,r) can intersect at most one fixed point. Thus, Ar∗X is unique for any given
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X ∈ F . That J−,J0,J+ remain unchanged for all points in the interior of face F
relies on the fact that for any change to occur, X must cross a bisector, which is
impossible within F . This means that the order of the distances ‖X −Am‖, 1 ≤ m ≤
M, is the same for every point X ∈ F . Consequently, for all X ∈ F a (smallest)
median is attained at the same fixed point. ��
Given a face F ∈ A (L ) we denote as Ar∗ the unique fixed point A ∈ D such that
Ar∗ = Ar∗X for all X ∈ F .

Lemma 3.26. Let F be a face of the arrangement A (L ). For all X ∈F , the func-
tion f (X ,r∗(X)) is affine linear in X where r∗(X) = ‖X −A∗

r‖.

Proof. For all X ∈ F , using Lemma 3.25 the objective function may be rewritten
as

f (X ,r∗(X))

= ∑
m:Am∈J−

ωm(‖X −Ar∗‖−‖X −Am‖)

+ ∑
m:Am∈J+

ωm(‖X −Am‖−‖X −Ar∗‖)

where Ar∗ and the subsets J−,J+ are fixed. Since A (L ) is a refinement of A (LD)
we obtain from Lemma 3.24 that within every face F ‖X −Am‖ is an affine linear
function in X , 1 ≤ m ≤ M. Thus, f (X ,r∗(X)) is a sum of linear terms, and hence
f (X ,r∗(X)) is affine linear for all X ∈ F . ��

The linearity of the function f (X ,r∗(X)) within a face of A (L ) leads to a geo-
metric description of the set of minisum circles. In order to state this description we
define

Q = {C ∈ G : f (C) ≤ f (C′) ∀ C′ ∈ G },
QX = {X ∈ R

2 : ∃ r > 0 s.t. C(X ,r) ∈ Q}.

The set QX together with Lemma 3.25 may be used in order to obtain an insight into
the structure of the set Q. We show that a point X ∈QX cannot be contained in certain
elements of the arrangement A (L ). To this end, we introduce four categories for
the vertices V of the arrangement A (L ).

Type 1: V is the intersection of two direction lines.
Type 2: V is the intersection of a direction line and a bisector.
Type 3: V is the intersection of three bisectors Bi j, Bik, and B jk for pairwise dis-

tinct i, j,k.
Type 4: V is the intersection of two bisectors Bi j and Bkl for pairwise distinct

i, j,k, l.

Note that a vertex of the arrangement A (L ) may belong to different types. For
instance, if a fixed point Am is intersected by a bisector then Am is a vertex of A (L )
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belonging to type 1 and type 2. To avoid such situations suppose that the fixed points
in D fulfill the following conditions.

(i) For any triple Li,L j,Lk of distinct direction lines in L , their intersection Li ∩
L j ∩ Lk is either empty or is a fixed point Am ∈ D . Furthermore, no bisector
intersects a fixed point Ai ∈ D and no direction line intersects two distinct
fixed points Ai,A j ∈ D .

(ii) For two distinct direction lines Li,Lj ∈L and a bisector Bkl ∈L their intersec-
tion Li∩Lj ∩Bkl is empty. Analogously, for two distinct bisectors Bi j,Bkl ∈L
and a direction line Lm ∈ L their intersection Bi j ∩Bkl ∩Lm is empty.

(iii) Three distinct bisectors Bi1i2 ,Bi3i4 ,Bi5i6 ∈L have a common intersection point
if and only if {ik : 1 ≤ k ≤ 6} contains exactly three distinct indices.

Conditions (i)–(iii) ensure that any vertex of the arrangement A (L ) belongs ex-
actly to one of the four types defined above. This allows to discard vertices of A (L )
as centers of minisum circles. In this way we obtain a description of the set QX and
therefore also for Q.

First, we show that a fixed point cannot be the center of a minisum circle.

Lemma 3.27. Suppose that the fixed points in D fulfill conditions (i)–(iii) and let
C(X ,r) ∈ G be a minisum circle. Then we have X �= A for all A ∈ D , i.e., the center
of a minisum circle cannot be a fixed point.

Proof. Assume that As ∈D is the center of a minisum circle and delete the direction
lines through As from L . Then As becomes an internal point of some face F of the
resulting arrangement A (L ′). We conclude from Lemma 3.26 that the objective
function less the contribution from As,

fs(C(X ,r∗(X))) = f (C(X ,r∗(X)))−ωmdm(C(X ,r∗(X)))

= ∑
m�=s

ωmdm(C(X ,r∗(X))),

is affine linear within a δ -neighborhood of As where the radius δ is sufficiently small
to ensure that the given neighborhood is contained entirely within face F . Further-
more, ds(C(X ,r∗(X))) = r∗(X)−‖X −As‖ is strictly concave at As since r∗(X) is
affine linear and ‖Y‖ is strictly convex at the origin. It follows that f (X ,r∗) is strictly
concave at As, and hence, (As,r∗) cannot be the center of a minisum circle. ��
As a consequence, we may conclude:

• QX does not contain a vertex of A (L ) coinciding with a fixed point.
• QX does not contain points belonging to an edge of A (L ) that contains fixed

points.
• QX does not contain points belonging to the interior of a face of A (L ) whose

boundary contains fixed points.

Next, we show that QX has to contain more points than a vertex of A (L ) corre-
sponding to type 4.
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Lemma 3.28. Suppose that the fixed points in D fulfill conditions (i)–(iii) and let
C(X ,r) ∈ G be a minisum circle. If X ∈ QX is the intersection of two bisectors
Bi j and Bkl for pairwise distinct i, j,k, l, then QX has to contain at least all points
belonging to two different edges of A (L ) which have an end point in X.

Proof. Assume that C(X ,r) is a minimum circle and X = Bi j ∩Bkl where i, j,k, l
are pairwise distinct. Conditions (i)–(iii) imply that no other lines in L than Bi j

and Bkl intersect X . Therefore it follows that C∗ = C(X ,r∗(X)) may contain at most
two fixed points, Ai,A j or Ak,Al . Without loss of generality assume that Ai,Aj ∈C∗.
Then Ak,Al are either in the interior or exterior of C∗. In both cases the objective
function f (C(X ,r∗(X))) has to be affine linear on the segment of Bi j joining the
adjacent vertices of A (L ) on either side of X . Therefore X ∈QX cannot be a unique
minimizer of f (C(X ,r∗(X))). Hence, all points contained in the edges E1,E2 ⊆ Bi j

of A (L ) having their end points in X have to belong to QX . ��
Remark 3.29. Besides the results presented in this section, [BJKS09] contains fur-
ther results on the four different types of vertices of the arrangement A (L ).

1. Let X be any vertex of type 1 other than a fixed point. X corresponds to two
distinct fixed points, say A1 and A2. If one of these points lies within the circle
C∗ = C(X ,r∗(X)), then C∗ is not a minisum circle and X /∈ QX .

2. Let X be any vertex of A (L ) belonging to type 2 or type 3. If the circle
C(X ,r∗(X)) is a minisum circle that does not intersect the pair Ai,Aj associ-
ated with type 2 or the triplet Ai,Aj,Ak associated with type 3, then QX has to
contain all points of an edge of A (L ) that has an end point in X .

3. Let X be any vertex belonging to type 2 and assume that the circle C∗ =
C(X ,r∗(X)) is a minisum circle. If the fixed point associated with the single
direction line through X lies inside C∗, then QX has to contain all points of an
edge of A (L ) that has an end point in X .

Using the results of this section it is possible to construct a solution method
based on an enumeration of the vertices of type 1, 2, and 3 of the arrangement
A (L ). In order to state an algorithm which is based on this idea we denote the
direction line through Am and parallel to the fundamental direction Eg as Lmg, 1 ≤
m ≤ M, 1 ≤ g ≤ s. Furthermore, we assume that the fundamental directions of the
norm ‖ · ‖ are numbered from 1 to s in clockwise direction. Recall that this implies
that direction line Lmg and direction line Lm(g+s/2) coincide for all g = 1, . . . ,s/2
(see Section 1.3.4). With these conventions we can formulate Algorithm 3.1 which
computes a minisum circle under the assumption that the set of fixed points D fulfills
conditions (i)–(iii).

Theorem 3.30. Let ‖ · ‖ be a polyhedral norm in R
2 with s fundamental direc-

tions and suppose that the set of fixed points D fulfills conditions (i)–(iii). Then
Algorithm 3.1 computes a minisum circle in O(s2M4) operations.

Proof. Note that for a vertex X of type 2 or 3 an optimal radius r∗ need not be
computed. Indeed, using the second result stated in Remark 3.29 it is sufficient
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Algorithm 3.1: Computing a minisum circle under a polyhedral norm
Input: Polyhedral norm ‖ · ‖ with unit ball B, set of fixed points D satisfying conditions

(i)–(iii), associated weights ωm

Output: Minisum circle C(Xopt , ropt)
// Initialization

X := Xopt := (0,0), ropt := 1, I = /01
// Computation of bisectors

for 1 ≤ i < j ≤ M do2
Compute Bi j3

// Type 1 vertices

for 1 ≤ i < j ≤ M, 1 ≤ g < h ≤ s/2 do4
X := (Lig ∩Ljh)5
Compute r ∈ median{ωm‖X −Am‖ : 1 ≤ m ≤ M}6
if f (C(X, r)) < f (C(Xopt , ropt)) then7

Xopt := X , ropt := r8

// Type 2 vertices

for 1 ≤ m ≤ M, 1 ≤ g ≤ s/2, 1 ≤ i < j ≤ M do9
I := Lmg ∩Bi j10
for X ∈ I do11

r := ‖X −Am‖12
if f (C(X, r)) < f (C(Xopt , ropt)) then13

Xopt := X , ropt := r14

// Type 3 vertices

for 1 ≤ i < j < k ≤ M do15
X := Ext(Bi j ∩Bik) r := ‖X −Am‖16
if f (C(X, r)) < f (C(Xopt , ropt)) then17

Xopt := X , ropt := r18

to set r∗ = ‖X − Am‖ where Am is a fixed point associated with X . Therefore it
follows that at least one minisum circle is contained in the set of circles evaluated
by Algorithm 3.1.

The algorithm has to compute O(M2) bisectors. For this purpose an optimal al-
gorithm proposed by Icking et al. [IKM+99] may be used which computes a bisector
in O(s) operations. Thus the computation of all bisectors need O(sM2) operations.

Since there are O(sM) direction lines, we have O(s2M2) type 1 vertices. Given a
vertex of type 1, O(M logM) operations are required to determine an optimal radius
r∗ and again O(M) operations are needed to determine the objective value of the
circle C(X ,r∗). Due to conditions (i)–(iii) each vertex of type 1 is the unique inter-
section point of two direction lines which can be computed in constant time. Thus,
the vertices of type 1 may be evaluated in O(s2M3 logM) operations. As mentioned
above, we have O(sM) direction lines and O(M2) bisectors. Since each bisector
contains at most 4s linear pieces, see Theorem 1.54, we have O(s2M3) vertices of
type 2. Again, each vertex is the unique intersection between a direction line and
a linear piece of a bisector and may be computed in constant time. Thus, the ver-
tices of type 2 may be evaluated in O(s2M4) operations. Finally, we have O(M3)
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type 3 vertices. Analog to type 2 vertices, we need O(M4) operations to evaluate all
circles corresponding to this type of vertices. Note that conditions (i)–(iii) do not en-
sure that the intersection of two distinct bisectors is a point. It is possible that such
an intersection is a half-line and therefore we have to choose the unique extreme
point of the intersection between two bisectors Bi j, Bik in order to obtain vertices of
type 3. Nevertheless, also this can be done in constant time. Summing up, O(s2M4)
operations are required by Algorithm 3.1. ��
Remark 3.31. Note that Algorithm 3.1 is also valid if the fixed points in D do not
fulfill conditions (i)–(iii). But in that case some of the intersections computed in the
algorithm may become line segments, half-lines, or straight line. Thus, the algorithm
has to be adapted slightly to be able to handle these cases.

3.7 Concluding Remarks

Several results for the minisum hypersphere problem with Euclidean norm also ap-
ply for the problem with an arbitrary norm. For instance, the radius of a minisum hy-
persphere is always greater than zero. Furthermore, if a minisum hypersphere S ∈ G
exists, then also a minisum hypersphere exists that intersects at least one fixed point.
However, an optimal solution to the minisum hypersphere problem with an arbitrary
norm need not include two fixed points; this makes the problem rather more difficult
to solve than the standard Euclidean case and the solution approaches described in
Section 2.6 cannot be applied. Even for the planar case n = 2 a general solution
approach for arbitrary norms is not available. A handicap for the development of a
solution approach is the absence of minisum hyperspheres for any problem instance.
Thus, an algorithm has to test whether or not the problem is unbounded in the sense
that increasing the radius of a hypersphere may result in a superior hypersphere. For
the polyhedral case this behavior of the objective function is also possible, however
here it can be shown that a minisum circle having finite radius always exists. For ar-
bitrary norms the problem of nonexistence of minisum hyperspheres may be avoided
by defining an upper bound for the radius of a minisum hypersphere. Besides this
rather small problem, the main obstacle for a feasible algorithm for all norms is the
lack of a simple description of the unit ball of a norm in terms of its coordinates in
R

n. For instance, for polyhedral norms, Lp norms, or elliptic norms such a descrip-
tion is known. Therefore for theses classes of norms general approaches of global
optimization may be applied. The big cube small cube method was already applied
in [Sch07] in order to solve the minisum hypersphere problem with Euclidean norm
L2 and Manhattan norm L1. The transfer to other Lp norms seems to be readily pos-
sible. The main idea of the big cube small cube method also leads to algorithms for
other norms, provided that the norm can be evaluated in any point and lower and
upper bounds are available. But from a geometric point of view the big cube small
cube approach is not of interest since it only approximates a minisum hypersphere
and gives no insight into the structure of the problem.
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Besides the lack of a solution method, also other interesting points are still open.
For instance, is there a sensitivity of a minisum hypersphere to perturbations of the
fixed points? For the case of squared Euclidean distance this question was studied in
[Nie04]. It could also be of interest to study heuristics for the minisum hypersphere
problem. For smooth and strictly convex norms a hypersphere in R

n is uniquely
described by n + 1 points, provided that these points are not collinear. Hence, an
interesting heuristic which should be analyzed more deeply consists of choosing the
best hypersphere among all hyperspheres defined by n + 1 distinct fixed points.





Chapter 4
Minisum Circle Problem with Unequal Norms

4.1 Basic Assumptions

This chapter considers an extension of the minisum circle problem which may be
described in the following way:

Dimensions: n = 2, M ≥ 2
Norm: Arbitrary norm ‖ · ‖ in R

2

Objects: Circles defined with respect to ‖ · ‖
Metric: Induced by a norm k in R

2; d(X ,Y ) := k(Y −X)
Distance: d(S,Am) = min{d(Y,Am) : Y ∈ S}, 1 ≤ m ≤ M
Objective: f (S) = ∑M

m=1 ωmd(S,Am) → min

The problem considered in this chapter is called minisum circle problem with un-
equal norms. Note that the distance between a circle and the fixed points is measured
by a metric induced by a second norm k, i.e., two norms are used in this chapter:
norm ‖ · ‖ is used in order to define the set of circles G ⊆ R

2 and norm k is used in
order to define the point–circle distance. The class of norms considered in this chap-
ter is mostly the class of polyhedral norms; that is, ‖ · ‖ and k are both polyhedral
norms.

Besides the applications of circle location models mentioned in Section 1.2.2,
the minisum circle problem with unequal norms includes the design of circular pub-
lic transportation networks. Circular public transportation networks are common in
practice. For instance, in London, Moscow, Berlin, Hamburg, and Tokyo, circular
underground or suburban railways can be found. An optimal solution to the minisum
circle problem with unequal norms is suited to determine a rough route of a new cir-
cular public transportation network that minimizes the distances from the customers
to the public transportation network. In a subsequent detailed planning, this tenta-
tive route can be adapted to local realities (e.g., buildings, watercourses, parks, and
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nature protection areas). Similarly, the minisum circle problem with unequal norms
may be used to determine ring roads which may also be of practical interest, see
Fujita and Suzuki [FS04] and Pearce [Pea74].

It should be noted that this chapter is based on [KBJS10] which is a joint work
with Brimberg, Juel, Schöbel, and the author.

4.2 Distance

In this section we study the point–circle distance d(C,A). As mentioned above, the
distance between a circle C(X ,r) and a fixed point Am ∈ D ⊆ R

2 is measured in the
metric induced by the norm k; thus we have

d(C(X ,r),Am) = min
Y∈C(X ,r)

d(Am,Y )

= min{k(Am −Y ) : ‖Y −X‖= r, Y ∈ R
2}.

(4.1)

As before, the shortcut dm(C(X ,r)) is used in order to refer to distance between
the circle C(X ,r) and the fixed point Am. Note that the point–circle distance defined
in (4.1) may differ strongly from the point–circle distance used in previous chapters
whenever k �= ‖ · ‖. However, in the following it is shown that some properties of
the point–circle distance are not affected by allowing a second norm k. We start
with the extension of the symmetry property which is obvious in case k = ‖ · ‖, see
Corollary 3.4.

Lemma 4.1. Let k and ‖ · ‖ be arbitrary norms in R
2. Given two points A,X ∈ R

2

and r > 0 we have d(C(X ,r),A) = d(C(A,r),X).

Proof. Let C1 = C(X ,r) and C2 = C(A,r). Let Y1 ∈ C1 such that d(C1,A) =
k(Y1 −A). Let Y2 := A + X −Y1. Note that Y2 ∈C2, since ‖Y2 −A‖ = ‖X −Y1‖ = r.
We have

k(Y2 −X) = k(A + X −Y1 −X) = k(A−Y1) = d(C1,A);

hence, d(C2,X)≤ d(C1,A). Now, we choose Z1 ∈C2 such that d(C2,X)= k(Z1−X).
Analogous to the previous case we obtain d(C2,X) ≥ d(C1,A); that is, d(C1,A) =
d(C2,X). 	


As in Chapter 3 it can be shown that the point–circle distance d(C(X ,r),A) be-
haves on certain regions like a concave and a convex function, respectively; that
is, the convexity and concavity properties are not affected by the norm k. In or-
der to prove this property and also other results for the minisum circle problem
with different norms it is helpful to use points (X ,r) ∈ R

2×]0,∞[ to identify circles
C(X ,r) ∈ G . Further, we need the following auxiliary lemma.

Lemma 4.2. Let A be a fixed point and H ⊆ R
3 be any supporting plane of the set

V := {(X ,r) ∈ R
2 × [0,∞[ : ‖X −A‖ ≤ r}.
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Then the distance

d(X ,r,H) = min{k(X −Y ) : (Y,r) ∈ H}

between the supporting plane H and the point (X ,r) ∈ V is a linear function of

(X ,r) in V .

Proof. Let us assume that α ∈ R
3, α �= 0, and β ∈ R such that

H =

⎧
⎨
⎩

⎛
⎝

y1

y2

y3

⎞
⎠ ∈ R

3 : α1y1 + α2y2 +α3y3 = β

⎫
⎬
⎭ .

The set

H(r) := {Y ∈ R
2 : (Y,r) ∈ H}

=
{(

y1

y2

)
∈ R

2 : α1y1 +α2y2 = β −α3r

}

is a straight line in R
2. Hence,

d(X ,r,H) = min{k(X −Y ) : Y ∈ H(r)}

is the k-distance between the point X ∈ R
2 and the straight line H(r) ⊆ R

2. For
the distance between a point X = (x1,x2) and a straight line H(r) we can apply the
formula stated in Corollary 1.1 in [PC01] and obtain

d(X ,r,H) = min{k(X −Y ) : Y ∈ H(r)}

=
|β −α3r−α1x1 −α2x2|

k◦(α)

where α := (α1,α2) and k◦ is the dual norm of k. Since the denominator k◦(α)
does not depend on (X ,r) it follows that d(X ,r,H) is linear in (X ,r) on both half-
spaces defined by H. With the fact that V is included in a half-space defined by the
supporting plane H we obtain the assertion. 	

Lemma 4.3. Let k and ‖·‖ be arbitrary norms in R

2. Then the point–circle distance
d(C(X ,r),A) between a circle C(X ,r) and a fixed point A is

(i) concave in (X ,r) on the set

V := {(X ,r) ∈ R
2 × [0,∞[ : ‖X −A‖ ≤ r}

and
(ii) convex in (X ,r) on any convex set U ⊆ (R2×]0,∞[

) \V.

Proof. We start with the proof of convexity of the point–circle distance; afterward,
we prove concavity.



62 4 Minisum Circle Problem with Unequal Norms

Convexity. Let U ⊆ (R2×]0,∞[
) \V be a convex set. Consider any two points

(X1,r1),(X2,r2)∈U . Let X3 := λX1 +(1−λ )X2 and r3 := λ r1 +(1−λ )r2 for some
λ ∈ [0,1]. Using Lemma 4.1, we get

d(C(Xi,ri),A) = d(C(A,ri),Xi) = k(Xi −Zi)

where Zi ∈C(A,ri) minimizes the k-distance from Xi to C(A,ri), i = 1,2,3. We have

‖λZ1 +(1−λ )Z2−A‖ ≤ λ‖Z1 −A‖+(1−λ )‖Z2−A‖ = r3;

that is, we may conclude that λZ1 +(1−λ )Z2 is either on C(A,r3) or in its interior.
Since X3 does not belong to C(A,r3) or its interior we obtain

k(X3 −Z3) = min{k(X3 −Z) : Z ∈C(A,r3)}
= min{k(X3 −Z) : ‖Z−A‖ ≤ r3}
≤ k(X3 − (λ Z1 +(1−λ )Z2))

= k(λX1 +(1−λ )X2− (λZ1 +(1−λ )Z2)).

Thus

d(C(X3,r3),A) = d(C(A,r3),X3)
= k(X3 −Z3)

≤ k(λ (X1 −Z1)+ (1−λ )(X2−Z2))

≤ λ k(X1 −Z1)+ (1−λ )k(X2−Z2)

= λ d(C(A,r1),X1)+ (1−λ )d(C(A,r2),X2)

= λ d(C(X1,r1),A)+ (1−λ )d(C(X2,r2),A).

Concavity. Let ∂V := V \ int(V ) denote the boundary of V . For any point (X ,r) ∈
∂V , r > 0, let H(X ,r) denote a supporting plane of V at (X ,r). H(X ,r) exists due to
the convexity of the cone V and contains the ray from apex (A,0) passing through
(X ,r). (Note: if ‖ · ‖ is a smooth norm then H(X ,r) is uniquely defined. If ‖ · ‖ has
corners then infinitely many supporting planes will occur at each corner, in which
case anyone may be selected arbitrarily.) Furthermore, we define

H := {H(X ,r) : (X ,r) ∈ ∂V \ (A,0)}.

For any plane H ∈ H and any point (X ,r) ∈V we define the distance

d(X ,r,H) := min{k(X −Y ) : (Y,r) ∈ H}.

Now, we consider an arbitrary point (X ,r) ∈V . Let Y ∈C(A,r) such that

k(X −Y ) = d(C(A,r),X) = d(C(X ,r),A).
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Due to the definition of H we have

d(C(X ,r),A) = k(X −Y) ≤ d(X ,r,H) ∀ H ∈ H .

Furthermore, specifically for H(Y,r) we have (Y,r) ∈ H and therefore

d(C(X ,r),A) = k(X −Y ) = d(X ,r,H).

It follows that

d(C(X ,r),A) = min{d(X ,r,H) : H ∈ H } ∀ (X ,r) ∈V.

But the distance d(X ,r,H) between (X ,r) and a supporting plane H is a linear func-
tion of (X ,r) in V , as it is shown in Lemma 4.2. Thus, d(C(X ,r),A) is the point-
wise minimum of a (infinite) set of linear functions and is itself concave for all
(X ,r) ∈V . 	


Now, we show that the point A is a local maximum of hr(X) := d(C(X ,r),A).
Note that this result proves that the center X of a circle C(X ,r) (defined w.r.t. norm
‖ · ‖) is a point within C(X ,r) which has the greatest k-distance to C(X ,r). This
property may also apply to other points within the circle; that is, the stronger for-
mulation hr(A) > hr(X) is not generally true. Again, this result is obviously in case
k = ‖ · ‖.

Lemma 4.4. Let k and ‖ · ‖ be arbitrary norms in R
2. Given a point A ∈ R

2 and
r > 0 define hr(X) = d(C(X ,r),A). We have hr(A) ≥ hr(X) for all X ∈ B(A,r) =
{Y : ‖Y −A‖ ≤ r}.

Proof. First note that

hr(X) = d(C(A,r),X) = min
Y∈C(A,r)

k(X −Y)

is concave in X on the ball B(A,r), see Lemma 4.1 and Lemma 4.3. Let us assume
that there exists Z ∈ B such that hr(Z) > hr(A). Let P ∈ C(A,r) such that hr(Z) =
k(Z −P). We define

Z′ := A− (Z−A),

P′ := A− (P−A).

Then we have ‖A−P′‖ = ‖P−A‖ = r; that is, P′ ∈ C(A,r). Furthermore we have
k(Z′ −P′) = k(Z −P). We obtain

hr(Z′) ≤ k(Z′ −P′) = k(Z −P) = hr(Z).
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Now, let Q′ ∈ C(A,r) such that hr(Z′) = k(Z′ −Q′) and define Q := A− (Q′ −A).
Analogously to the previous case we obtain hr(Z) ≤ hr(Z′); hence, hr(Z) = hr(Z′).
Since A = 1

2 (Z + Z′) we end up in a contradiction to the concavity of hr:

hr

(
1
2
(Z + Z′)

)
= hr(A) < hr(Z) =

1
2

hr(Z)+
1
2

hr(Z′).

	

In Chapter 3 the following simple formula for the point–circle distance between

a point A and a circle C = C(X ,r) is stated:

d(C,A) = |k(X −A)− r|.

Obviously, this formula is not true if ‖ · ‖ �= k and the point–circle distance has to
be calculated using a numerical method. However, we are able to state simple lower
and upper bounds for the point–circle distance using the norm ‖ · ‖. To this end we
define

K := max{k(X) : ‖X‖ = 1}, G := min{k(X) : ‖X‖ = 1},

i.e., for all A,X ∈ R
2, A �= X , we have

G ≤ k(A−X)
‖A−X‖ ≤ K.

For instance, with ‖ · ‖ = ‖ · ‖1, k = ‖ · ‖2 we obtain that K = 1 and G = 1
2

√
2. With

these notations we obtain the following upper bound.

Lemma 4.5. Let k and ‖ · ‖ be arbitrary norms in R
2 and let A �= X. Then

d(C(X ,r),A) ≤ K |‖A−X‖− r|.

Proof. Let λ ≥ 0 such that A′ := X + λ (A−X)∈C(X ,r). We obtain

‖X −A′‖ = r ⇔ λ‖A−X‖= r ⇔ λ =
r

‖A−X‖ .

With this fact we get

d(C(X ,r),A) ≤ k(A−A′) = k(A−X −λ (A−X))

= |1−λ |k(A−X) =
∣∣∣∣1−

r
‖A−X‖

∣∣∣∣k(A−X)

=
k(A−X)
‖A−X‖ |‖A−X‖− r|= K |‖A−X‖− r|.

	

The following lemma states a lower bound for the point–circle distance.
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Lemma 4.6. Let k and ‖ · ‖ be arbitrary norms in R
2 and let A �= X. Then we have

d(C(X ,r),A) ≥
{

k(A−X)−Kr if ‖A−X‖≥ r

Gr− k(A−X) if ‖A−X‖≤ r
.

Proof. Let A′ ∈C(X ,r) such that d(C(X ,r),A) = k(A−A′).
If ‖A−X‖≥ r then we have

k(A−X)≤ k(A−A′)+ k(A′ −X)

= d(C(X ,r),A)+ k(A′ −X)

≤ d(C(X ,r),A)+ K‖A′ −X‖
= d(C(X ,r),A)+ Kr.

If ‖A−X‖≤ r then we have

k(A′ −X)≤ k(A−A′)+ k(A−X) = d(C(X ,r),A)+ k(A−X);

hence, we obtain

d(C(X ,r),A) ≥ k(A′ −X)− k(A−X)
≥ G‖A′ −X‖− k(A−X)
= Gr− k(A−X).

	


4.3 Properties of Minisum Circles

In this section we study properties of optimal solutions to the minisum circle prob-
lem with unequal norms ‖ · ‖ and k. In particular, we discuss properties that are
known for the Euclidean case ‖ ·‖= k = ‖ ·‖2 and the equal norms case ‖ ·‖= k but
do not apply to the case ‖ · ‖ �= k. We start our analysis with a property that extends
the equal norm case ‖ · ‖ = k to the current case.

Lemma 4.7. Let k and ‖ ·‖ be arbitrary norms in R
2 and assume that G contains a

minisum circle C(X ,r). Then the radius of r has to be positive.

Proof. Assume that a circle C(X ,r) with radius r = 0 is an (degenerated) optimal
solution and construct a circle C′ that intersects X and a fixed point A �= X . Analo-
gously to Lemma 2.5 we obtain a contradiction. 	


From Lemma 4.7 it follows that a point can never be a degenerated minisum
circle, provided that M > 1. Recall that another extreme is possible. As we have
seen in Chapter 3 the minisum circle problem with equal norms is unbounded in
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the sense that increasing the radius may continuously improve the objective value.
Due to the fact that this problem is a special case of the minisum circle problem
with unequal norms, it is possible that a minimizer for the present problem is not
contained in G . In this case for instance a straight line or a bent line may solve the
problem.

Remark 4.8. For the case of two polyhedral norms ‖ · ‖ and k in R
2 it will become

clear in Section 4.4 that G always contains a minisum circle. Recall that for other
norms in Chapter 3 a restricted set Gr of feasible hyperspheres is introduced in order
to ensure existence of restricted minisum hyperspheres. An analog approach for the
current problem is possible.

Recall that for the case of equal norms ‖ · ‖ = k and under the assumption of
the existence of a minisum hypersphere in G a minisum hypersphere exists which
intersects at least one fixed point, see Corollary 3.16. It is not possible to extend this
incidence property to the case of unequal norms. This negative result is shown by
the following example.

Example 4.9. Let ‖ · ‖ = �∞ and k = ‖ · ‖1, and consider

A1 = (1,2), A2 = (8,15), A3 = (−2,16),
A4 = (0,17), A5 = (16,20)

with weights ω1 = 1.1, ω2 = 2.2, ω3 = ω4 = 1, and ω5 = 1.05. Using the results
of Section 4.4 we obtain that any optimal circle minimizing the weighted sum of
distances to the fixed points is contained in the set

Opt := {C(X ,r) : X = (8,8)+ (r−8)(1,−1), r ≥ 8}.

Any optimal circle C ∈ Opt has an objective function value of

1.1 ·1 + 2.2 ·1+2+1+ 1.05 ·4 = 10.5.

In particular, as it may be read from Fig. 4.1, none of the optimal circles intersects
any of the existing points.

Note that the minisum circle C((8,8),8) in Example 4.9 does not satisfy the
median property. Thus, a further consequence of Example 4.9 is that in contrast
to the case of equal norms ‖ · ‖ = k, see Corollary 3.18, a minisum circle for the
minisum circle problem with unequal norms need not satisfy this property.

We close this section with a positive result. The dominance criterion for the min-
isum hypersphere problem with equal norms, see Lemma 3.23, also extends to the
minisum circle problem with unequal norms.

Lemma 4.10. Let ‖ · ‖ and k be two norms in R
2 and suppose a minisum circle

C(X ,r) ∈ G exists. If

Testm := 2ωm −
M

∑
m=1

ωm > 0
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Fig. 4.1 Illustration of Example 4.9 with fixed points A1, . . . ,A5 and a minisum circle C(X, r)
where X = (8,8) and r = 8

for some 1 ≤ m ≤ M, then C(X ,r) must intersect the fixed point Am. If Testm = 0,
then there exists at least one optimal solution that intersects Am.

Proof. Analog to the proof of Lemma 3.23. 	


4.4 Polyhedral Norms

In this section we analyze the case in which both norms ‖ · ‖ and k are polyhedral
norms; that is, for X ∈ R

2

‖X‖ = min

{
s

∑
g=1

|βg| :
s

∑
g=1

βgEg = X

}
,

k(X) = min

{
t

∑
g=1

|βg| :
t

∑
g=1

βgFg = X

}
,

where Eg,g = 1, . . . ,s, and Fg,g = 1, . . . ,t, are, respectively, the fundamental direc-
tions of the given polyhedral norms ‖·‖ and k. We refer to the set of fundamental di-
rections of norm ‖ ·‖ by Ext(B1) and to the fundamental directions of k by Ext(B2);
that is, the unit balls of the norms ‖ · ‖ and k are given by B1 and B2, respectively.
Throughout this section we assume that the fundamental directions of ‖ · ‖ and k
are numbered in clockwise order. For any fundamental direction Ei of norm ‖ ·‖ we
denote the fundamental direction adjacent to Ei in clockwise direction as E+

i ; that
is, E+

i = Ei+1 for 1 ≤ i ≤ s− 1 and E+
s = E1. We define F+

i analogously; that is,
for a fundamental direction Fi of norm k we have F+

i = Fi+1 for 1 ≤ i ≤ t − 1 and
F+

t = F1.
In contrast to the situation in Section 3.6 we consider arrangements of R

3. In
order to define an arrangement in R

3, let H be a set of hyperplanes in R
3. The

hyperplanes in H define a partition of R
3 into vertices, edges, two-dimensional
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cells, and three-dimensional cells. We refer to this subdivision as the arrangement
induced by H and use the notation A (H ). For sake of simplicity we refer to an
element F of A (H ) by l-face, provided that the smallest affine subspace of R

3

containing F has dimension l, 0 ≤ l ≤ 3. We also use the denotation vertex in order
to refer to a 0-face of A (H ). Note that l-faces are convex polytopes and may be
unbounded. We are mainly interested in l-faces of an arrangement A (H ) which are
contained in R

2 × [0,∞[. Therefore we refer to A +(H ) as the arrangement which
we obtain from A (H ) by adding the hyperplane H = {(x1,x2,x3) ∈ R

3 : x3 = 0}
to H and then removing all l-faces contained in R

2×]−∞,0[. For our purposes it
is convenient to assume that each 3-face of the arrangement A +(H ) is closed.

In the following we identify a set of hyperplanes in R
3 such that the objective

function of the minisum circle problem with unequal polyhedral norms is concave
on each 3-face of the arrangement A +(H ) induced by H . In order to obtain the
arrangement A +(H ), we first identify a set of hyperplanes Hm such that the point–
circle distance d(C(X ,r),Am) is concave in X and r on any 3-face of the arrangement
A +(Hm). Subsequently, we will see that A+(H ) can be obtained by combining the
arrangements A +(Hm), 1≤m≤M. Furthermore, it will turn out that A+(H ) gives
rise to a finite dominating set according to Definition 1.56. It should be noted that
the main idea of the following considerations is already published in Körner et al.
[KBJS09].

4.4.1 Arrangement for the Distance

In order to distinguish between circles defined with respect to norm ‖ ·‖ and circles
defined with respect to norm k we use the following notation.

Notation 4.11. Given X ∈ R
2 and r > 0 we define

C(X ,r) = {Y : ‖X −Y‖ = r},
Ck(X ,r) = {Y : k(X −Y) = r}.

Ck(X ,r) is called k-circle. For C(X ,r) the denotations ‖·‖-circle and circle are used.

Note that dm(C(X ,r)) can be interpreted as the radius of the smallest k-circle
with center Am that touches the ‖ · ‖-circle C(X ,r); that is,

dm(C(X ,r)) = min
{

ν ≥ 0 : C‖·‖(X ,r)∩Ck(Am,ν) �= /0
}

.

Since C‖·‖ = C‖·‖(X ,r) and Ck = Ck(Am,ν) are polyhedrons which always intersect
at a vertex of one of them, we can distinguish the following cases.

(i) Ck touches C‖·‖ in a vertex of C‖·‖. Let E ∈Ext(B1) be the fundamental direction
of ‖ · ‖ that defines this vertex of C‖·‖. Then we have

dm(C‖·‖(X ,r)) = k(X + rE −Am).
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(ii) Ck touches C‖·‖ in a vertex of Ck. Let F ∈ Ext(B2) be the corresponding
fundamental direction of k. Then we have

dm(C‖·‖(X ,r)) = min{|λ | : Am + λF ∈C‖·‖}.

For all (X ,r) ∈ R
2 × [0,∞), 1 ≤ m ≤ M, and 1 ≤ g ≤ s define the distance between

the vertex X + rEg of the circle C‖·‖(X ,r) and the fixed point Am in the following
way

γm,g(X ,r) := k(X + rEg −Am).

Furthermore, for all (X ,r) ∈ R
2 × [0,∞), 1 ≤ m ≤ M, and 1 ≤ g ≤ t, define the

distance between the circle C‖·‖(X ,r) and the fixed point Am along the fundamental
direction Fg in the following way

δm,g(X ,r) := min{|λ | : Am + λFg ∈C‖·‖(X ,r)}

where min /0 := ∞.
With these notations we obtain the following result.

Lemma 4.12. Let ‖ · ‖ and k be two polyhedral norms in R
2. Furthermore, let

C‖·‖(X ,r) be a circle and Am ∈ D a fixed point. The point–circle distance between
C‖·‖(X ,r) and Am is given as

dm(C‖·‖(X ,r)) = min

{
min

1≤g≤s
γm,g(X ,r), min

1≤g≤t
δm,g(X ,r)

}
.

Proof. It is clear that

min
1≤g≤s

γm,g(X ,r) ≥ dm(C‖·‖(X ,r)), min
1≤g≤t

δm,g(X ,r) ≥ dm(C‖·‖(X ,r)).

As mentioned above, there exists a fundamental direction Eg ∈ Ext(B1) or Fg ∈
Ext(B2) such that either

γm,g(X ,r) = dm(C‖·‖(X ,r)) or δm,g(X ,r) = dm(C‖·‖(X ,r));

hence, we obtain the assertion. 	

For all 1 ≤ m ≤ M, define

δm(X ,r) := min
1≤g≤s

δm,g(X ,r), γm(X ,r) := min
1≤g≤t

γm,g(X ,r).

We now identify an arrangement of R
2 × [0,∞[ such that δm is concave on each

3-face and a second arrangement such that γm is concave on each 3-face. Then,
combining both arrangements we obtain an arrangement of R

2 × [0,∞[ such that
dm(C(X ,r)) = min{δm(X ,r), γm(X ,r)} is concave in (X ,r) on each 3-face.
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We start with the function δm. For all 1 ≤ u≤ s, 1 ≤ v ≤ t, and 1 ≤ m ≤M, define

Nm(u,v) :=
{(

Am−α1Eu +α2Fv + α3F+
v

α1

)
∈ R

3 : α1,α2,α3 ≥ 0

}
.

Nm(u,v) is a convex cone in R
3 with apex (Am,0). An example for Nm(u,v) is

depicted in Fig. 4.2a. We show that γm,g is affine linear on each cone Nm(g,v).

a
b

Fig. 4.2 Examples for cones of type Nm(u,v) and Mm(u,v). The dashed lines are reference lines
to point out the dimensional shape of the cones. Facets of the boundaries of the cones are depicted
in dark gray. (a) A cone of type Nm(u,v). (b) A cone of type Mm(u,v)

Lemma 4.13. Let ‖ · ‖ and k be two polyhedral norms in R
2. Furthermore, let m ∈

{1, . . . ,M} and g ∈ {1, . . . ,s}. Then for all 1 ≤ v ≤ t, the function γm,g(X ,r) is affine
linear in (X ,r) on the cone Nm(g,v).

Proof. Let (X1,r1) �= (X2,r2)∈Nm(g,v) for some fixed values u,v. Then there exist
nonnegative αk1, αk2, and αk3 such that

(
Xk

rk

)
=
(

Am

0

)
+ αk1

(−Eg

1

)
+ αk2

(
Fv

0

)
+αk3

(
F+

v
0

)
,

k = 1,2. Since αk1 = rk for k = 1,2, we obtain

γm,g(X1 + X2 −Am,r1 + r2)

=k(X1 + X2 +(r1 + r2)Eg −2Am)

=k((α12 +α22)Fv +(α13 + α23)F+
v )

=α12 +α22 + α13 + α23

=k(α12Fv +α13F+
v )+ k(α22Fv + α23F+

v )

=k(X1 + r1Eg −Am)+ k(X2 + r2Eg −Am)

=γm,g(X1,r1)+ γm,g(X2,r2);
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that is, γm,g(X ,r) is an affine linear function (with translation (Am,0)) on each cone
Nm(g,v), 1 ≤ v ≤ t. 	

Now, consider the cones Nm(u,v), 1 ≤ u ≤ s, 1 ≤ v ≤ t. Each cone Nm(u,v) is
spanned by three fundamental directions. Thus, three hyperplanes are induced by
each cone Nm(u,v). Let Hm1 be the set containing all hyperplanes induced by the
cones Nm(u,v), 1 ≤ u ≤ s, 1 ≤ v ≤ t. The following result shows that Hm1 induces
an arrangement A +(Hm1) such that γm(X ,r) is concave in X and r on any 3-face
of A +(Hm1).
Corollary 4.14. Let ‖ · ‖ and k be two polyhedral norms in R

2 and let Am ∈ D be
a fixed point. Then the function γm(X ,r) is concave in X and r on any 3-face of
A +(Hm1).

Proof. Let F be a 3-face of A +(Hm1). For all g ∈ {1, . . . ,s} there exists v ∈
{1, . . . ,t} such that

F ⊆ Nm(g,v).

Hence, it follows from Lemma 4.13 that γm,g(X ,r) is affine linear in X and r

on F . 	

Now, we consider the function δm(X ,r). For all 1 ≤ u ≤ s, 1 ≤ v ≤ t, and 1 ≤

m ≤ M, define

δ u
m,v(X ,r) := min{λ ≥ 0 : Am + λFv ∈ Su(X ,r)}

where

Su(X ,r) := {X +α1Eu +α2E+
u : α1 +α2 = r,α1,α2 ≥ 0},

and min /0 := ∞. Note that Su(X ,r) is a facet of the circle C‖·‖(X ,r). Thus, δ u
m,v(X ,r)

is the distance between the facet Su(X ,r) of the circle C‖·‖(X ,r) and the fixed point
Am along the fundamental direction Fv. With this notation we obtain

δm(X ,r) = min
1≤u≤s,1≤v≤t

δ u
m,v(X ,r).

We derive an arrangement such that δ u
m,v(X ,r) is linear on any of its 3-faces. To this

end, for all 1 ≤ u ≤ s, 1 ≤ v ≤ t, and 1 ≤ m ≤ M, define

Mm(u,v) :=
{(

Am −α1Eu −α2E+
u +α3Fv

α1 + α2

)
: α1,α2,α3 ≥ 0

}
.

Like the cone Nm(u,v) also Mm(u,v) is a convex cone in R
3 with apex (Am,0), see

Fig. 4.2b for an illustrative example. The following lemma shows that δ u
m,v(X ,r) is

linear on the cone Mm(u,v).
Lemma 4.15. Let ‖ · ‖ and k be two polyhedral norms in R

2. Let m ∈ {1, . . .M},
and suppose that u ∈ {1, . . . ,s} and v ∈ {1, . . . ,t} such that (Fv,0), (−Eu,1), and
(−E+

u ,1) are linearly independent. Then the function δ u
m,v(X ,r) is linear on the cone

Mm(u,v).
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Proof. Let u and v be fixed and assume that (−Eu,1),(−E+
u ,1), and (Fv,0) are lin-

early independent. Let (X ,r) ∈ Mm(u,v), i.e., there exist real values α̃1, α̃2, α̃3 ≥ 0
such that

(
X
r

)
=
(

Am

0

)
+ α̃1

(−Eu

1

)
+ α̃2

(−E+
u

1

)
+ α̃3

(
Fv

0

)
. (4.2)

We show δ u
m,v(X ,r) = α̃3 for all (X ,r) ∈Mm(u,v). To this end note that Am +λ Fv ∈

Su(X ,r) if and only if

X −λ Fv ∈ Su(Am,r) =
{

Am −α1Eu −α2E+
u : α1 +α2 = r,α1,α2 ≥ 0

}
.

Therefore, we obtain

δ u
m,v(X ,r) = min{λ ≥ 0 : X −λFv ∈ Su(Am,r)}.

Since Am − α̃1Eu − α̃2E+
u ∈ Su(Am,r) we conclude X − α̃3Fv ∈ Su(Am,r) and hence

δ u
m,v(X ,r) ≤ α̃3. Due to the linear independence of

(−Eu,1),(−E+
u ,1),(Fv,0)

the representation of (X ,r) given in (4.2) is unique. Therefore we may conclude
δ u

m,v(X ,r) = α̃3 and hence we obtain the assertion. 	

Now, we define an arrangement A +(Hm2) analogously to the arrangement

A +(Hm1); that is, we define Hm2 as the set of hyperplanes induced by the cones
Mm(u,v), 1 ≤ u ≤ s, 1 ≤ v ≤ t. Let F ∈ A +(Hm2) be a 3-face and define the set

J1 := {(u,v) ∈ {1, . . . ,s}×{1, . . . ,t} : F ∩ int(Mm(u,v)) = /0}.

Furthermore, define J2 := {1, . . . ,s}×{1, . . . ,t} \J1. Then we obtain

δ u
m,v(X ,r) = ∞ for all

(
X
r

)
∈ F ⇐⇒ (u,v) ∈ J1.

Using the sets J1 and J2 we can prove the following lemma.

Lemma 4.16. Let ‖ · ‖ and k be two polyhedral norms in R
2 and let Am ∈ D be a

fixed point. Then δm(X ,r) is a concave function in X and r on any 3-face of the
arrangement A +(Hm2).

Proof. Let F be a 3-face of the arrangement A +(Hm2) and let (X ,r) ∈ int(F ).
Consider the circle C(Am,r), the point X , and the direction lines of norm k through
X . As depicted in Fig. 4.3 two cases are possible:

• There exists a fundamental direction Fv of norm k such that the ray [X ,X −Fv〉
intersects C‖·‖(Am,r). This situation applies for the point X1 in Fig. 4.3.

• For all fundamental directions Fv, 1 ≤ v ≤ t of the polyhedral norm k we have
[X ,X −Fv〉∩C‖·‖(Am,r) = /0. This situation applies for the point X2 in Fig. 4.3.
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In the former case we conclude J2 �= /0 and obtain

δm(X ,r) = min
(u,v)∈J2

δ u
m,v.

For (X ,r) ∈ int(F ) the vectors (−Eu,1), (−E+
u ,1), and (Fv,0) are linearly inde-

pendent for all (u,v) ∈ J2. Hence for all (u,v) ∈ J2 the function δ u
m,v is affine linear.

Therefore, we obtain that δm(X ,r) is concave on F .
In the latter case we may conclude J2 = /0. Hence, δm(X ,r) = ∞ for all points

(X ,r) ∈ F .

Fig. 4.3 Direction lines of norm k = �1 through X1 and X2 and a circle C‖·‖(Am, r)

Summarizing, on any 3-face of the arrangement A +(Hm2), δm(X ,r) is concave.
Note that it is possible that δm(X ,r) has everywhere on F the value +∞. 	


Using Lemma 4.14 and Lemma 4.16 we obtain the following result.

Theorem 4.17. Let ‖·‖ and k be two polyhedral norms in R
2. Furthermore, let Am ∈

D be a fixed point and let A +(H ) be the arrangement of R
2 × [0,∞[ we obtain by

combining A +(Hm1) and A +(Hm2). Then the point–circle distance dm(C(X ,r))
is concave on each 3-face F ∈ A +(H ).

Remark 4.18. From Lemma 4.3 and Theorem 4.17 we obtain that dm(C(X ,r)) is
affine linear on each 3-face F of the arrangement A +(H ), provided that (Am,0) /∈
int(F ).

4.4.2 A Finite Dominating Set

With Theorem 4.17 it is straightforward to obtain an arrangement for the minisum
circle problem with unequal polyhedral norms. We just define A +(H ) to be the
arrangement we obtain by combining the arrangements A (Hm) for 1 ≤ m ≤ M.
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Then the point–circle distance dm(C(X ,r)) is concave for all 1 ≤ m ≤ M on any
3-face F ∈ A (H ). Thus, also the objective function

f (C(X ,r)) =
n

∑
i=1

ωmdm(C(X ,r))

of the minisum circle problem with unequal polyhedral norms is concave on any
3-face F ∈ A (H ). Therefore we obtain the following results.

Theorem 4.19. There exists a minisum circle for the minisum circle problem with
unequal polyhedral norms.

Proof. The objective function is bounded below by zero and concave on each 3-face
of the arrangement A (H ). 	

Theorem 4.20. Let ‖ · ‖ and k be two polyhedral norms in R

2. Furthermore, let
V denote the set that contains all vertices of the arrangement A (H ). Then the
function Ξ which maps each instance of the minisum circle problem with unequal
polyhedral norms onto the corresponding set V is a finite dominating set for the
minisum circle problem with unequal norms.

Lemma 4.21. For each instance of the minisum circle problem with unequal poly-
hedral norms the set V contains at most O((Mst)3) points.

Proof. Each cone Nm(u,v), Mm(u,v) induces exactly three hyperplanes. Any point
in V is the intersection of three different hyperplanes. There are at most O(Mst)
different hyperplanes. Hence, we have at most O((Mst)3) points in V . 	

The structure of the arrangement A +(H ) gives rise to the following result.

Lemma 4.22. There exists a minisum circle C(X ,r) for the minisum circle problem
with unequal polyhedral norms ‖ · ‖ and k such that at least μ fixed points Ami are
contained in C(X ,r), i.e., Ami ∈C(X ,r), 1 ≤ i ≤ μ . We have 0 ≤ μ ≤ 3 and at least
3− μ vertices of C(X ,r) lie on the two-dimensional grid formed by all direction
lines of norm k through the fixed points Am, 1 ≤ m ≤ M.

Proof. Due to Theorem 4.20 there exists a minisum circle C(X ,r) such that (X ,r)∈
V . As mentioned before, any point (X ,r) ∈ V is the intersection of (at least) three
different hyperplanes induced by some cones of the type Nm(u,v) and Mm(u,v), say
Hm1 , Hm2 , Hm3 . For the sake of simplicity we assume that (X ,r) is the intersection
of exactly three hyperspheres; that is, no other hyperplane than Hm1 , Hm2 , and Hm3

contains (X ,r) (otherwise we may remove this hyperplane from H ).
Assume that hyperplane Hmi is induced by the cone Nm(u,v). Since r > 0 we

obtain that there exists λ ∈ R such that
(

Ami

0

)
+ r

(
Eu

1

)
+λ

(
Fv

0

)
=
(

X
r

)
, (4.3)

i.e., the vertex X + rEu of C(X ,r) lies on the direction line 〈Ami ,A + Fv〉.
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If hyperplane Hmi is induced by the cone Mm(u,v), then two cases are possible.
Either there exists λ ∈ R such that (X ,r) has representation (4.3), or there exist
λu,λv ∈ R such that

(
Ami

0

)
+λu

(
Eu

1

)
+λv

(
E+

u
1

)
=
(

X
r

)
.

In the former case we obtain that X + rEu lies on the direction line 〈Ami ,A + Fv〉.
In the latter case we may assume λu,λv ≥ 0. Indeed, λu < 0 or λv < 0 implies that
(X ,r) does not belong to the cone Mm(u,v). Hence, we can remove Hmi from H
and obtain that f (C(X ,r)) is concave in a region around (X ,r), i.e., C(X ,r) is either
no minisum circle or there exists another vertex of the arrangement A +(H ) where
f attains a global minimum. λu,λv ≥ 0 imply that Ami is contained in C(X ,r). 	


4.5 Concluding Remarks

The generalization of the minisum circle problem to the model discussed in this
chapter leads to a significantly more difficult problem. The point–circle distance
cannot be evaluated as easily as it was the case for the original model. However,
some results of the minisum circle problem extend to the problem with unequal
norms. The distance is still symmetric and has the same convexity and concavity
properties. A point cannot be a degenerated optimal solution and the dominance
criterion for the minisum circle problem also extends to the problem with unequal
norms. For the case of two unequal polyhedral norms a finite dominating set was
derived. This result gives rise to a simple O(M4) brute-force algorithm. Other so-
lution approaches are possible for special cases as for instance the Tschebyschow–
Manhattan (Manhattan–Tschebyschow) case where norm ‖ · ‖ is the Tschebyschow
(Manhattan) norm and norm k is the Manhattan (Tschebyschow) norm. We discuss
the Tschebyschow–Manhattan case in the following chapter.

Possible lines of further research include the generalization of the problem to
higher dimensions n ≥ 3. In order to approximate an optimal solution, methods of
global optimization seem to be promising.

A natural extension of the problem is to replace the norms ‖ · ‖ and k by con-
vex distance functions. As a first step, only the norm ‖ · ‖ should be replaced. In
particular for distance functions defined with respect to convex polytopes, i.e., for
polyhedral gauges, most results of this chapter should remain valid.





Chapter 5
Minisum Rectangles in a Manhattan Plane

5.1 Basic Assumptions

In this chapter we consider the problem of locating a rectangle. Let R denote the set
of nondegenerated, axis-parallel rectangles in R

2. Then the setting of this chapter
can be described in the following way:

Dimensions: n = 2, M ≥ 2
Objects: Subset of nondegenerated, axis-parallel rectangles R
Metric: Induced by the Manhattan norm ‖ · ‖1; d(X ,Y ) := ‖Y −X‖1

Distance: d(R,Am) = min{d(Y,Am) : Y ∈ R}, 1 ≤ m ≤ M
Objective: f (R) = ∑M

m=1 ωmd(R,Am) → min

In contrast to previous chapters we do not use a norm ‖ ·‖ to define hyperspheres
as the objects we want to locate, but we consider subsets of the set of axis-parallel
rectangles R in R

2. Given a subset R ′ ⊆ R we search an optimal rectangle among
all rectangles in R′ which minimizes the minisum criterion. Nevertheless, both ap-
proaches are quite related. In particular, it will turn out that the present problem is
equivalent to the minisum circle problem with unequal norms for a certain subset of
R. In order to see the relation between the present problem and the theory of previ-
ous chapters, we define weighted Tschebyschow norms. A weighted Tschebyschow
norm is a Tschebyschow norm with additional weight for each fundamental direc-
tion. Formally, we define a weighted Tschebyschow norm in the following way.

Definition 5.1. Let C = (c1, . . . ,cn) ∈ R
n such that ci > 0 for all 1 ≤ i ≤ n. For all

X = (x1, . . . ,xn) ∈ R
n let

‖X‖C
∞ = max{ci|xi| : 1 ≤ i ≤ n}.

‖X‖C
∞ is a norm in R

n which is called weighted Tschebyschow norm.

M.-C. Körner, Minisum Hyperspheres, Springer Optimization and Its Applications 51, 77
DOI 10.1007/978-1-4419-9807-1 5, c© Springer Science+Business Media, LLC 2011
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Note that a circle defined with respect to a weighted Tschebyschow norm is a closed,
convex quadrilateral with four right angles, i.e., it is an axis-parallel rectangle.
Therefore, the set of axis-parallel rectangles R can be described by weighted
Tschebyschow norms. More precisely, the set R contains all scaled and translated
unit circles of weighted Tschebyschow norms in R

2. Due to close relation between
axis-parallel rectangles in R

2 and weighted Tschebyschow norms we can use the
results of the previous chapter in order to derive results for the model discussed in
this chapter. In the following we consider three restricted problems where feasible
rectangles R′ are subsets of R:

1. Feasible rectangles are axis-parallel and have equal perimeter and equal aspect
ratio. We denote the set of these rectangles as Ra,p where p > 0 is the perimeter
and a > 0 is the aspect ratio.

2. Feasible rectangles are axis-parallel and have equal aspect ratio. This set is de-
noted as Ra where a > 0 is the aspect ratio.

3. Feasible rectangles are axis-parallel and have equal perimeter. For this set of
rectangles we use the denotation Rp where p > 0 is the perimeter of the rectan-
gles in Rp.

In addition, we also consider the unrestricted problem where any rectangle R ∈ R
is a feasible solution.

For all R ′ ∈ {Ra,p,Ra,Rp,R}, we denote the problem

min
R∈R′ f (R) =

M

∑
m=1

ωmd(R,Am)

as rectangle location problem with feasible set R ′. An optimal solution to this prob-
lem is denoted as minisum rectangle. Rectangle location problems have applications
for example in connection with paper position sensing. Here, a rectangle location
problem is used in order to determine the position of a sheet of paper in a pa-
per moving system, see [BG02]. Other applications include control software for
a sawyer motor robot [WCM93] and, more general, the recognition of geometric
objects [Gri91].

In the following we study properties of minisum rectangles for the feasible sets
mentioned above. Initially, we introduce some notations and consider the point–
rectangle distance.

5.2 Notations

We use the letter R in order to refer to the elements of R. For the sake of simplifi-
cation and clarification we introduce the following notation.

Notation 5.2. For any c1,c2 > 0, let Gc1,c2 denote the set which consists of all scaled
and translated unit circles of the norm ‖ · ‖c1,c2∞ .
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As mentioned above, there exists a strong relation between the set R and sets of
type Gc1,c2 . Indeed, we have

R =
⋃

c1,c2>0

Gc1,c2 ;

that is, any rectangle R ∈ R has a representation of the form

R = λC0 +{X} (5.1)

where λ > 0, X ∈ R
2, and C0 is the unit circle of a weighted Tschebyschow norm.

That means that any rectangle can be interpreted as a circle defined with respect
to a weighted Tschebyschow norm. In order to indicate that circles defined with
respect to weighted Tschebyschow norms are rectangles we do not use the notation
of previous chapters. Instead, we introduce the following notation.

Notation 5.3. Given c1,c2,r > 0 and X ∈ R
2 let Rc1,c2(X ,r) denote the rectangle

which is given by (5.1); that is,

Rc1,c2(X ,r) = {Y ∈ R
2 : ‖Y −X‖c1,c2

∞ = r}.

Also the notation R(X ,r) is used in order to refer to Rc1,c2(X ,r), provided that this
notation is nonambiguous. X is denoted as center and r as radius of the rectangle R.

Any rectangle in R ∈R may be described according to Notation 5.3. Note that such
a representation is not unique; that is, there exists an unbounded number of pairs
(c1,c2) such that R = Rc1,c2(X ,r) for a rectangle R ∈ R. A rectangle R ∈ R has a
unique representation if we set r = 1, i.e., there exists a unique pair (c1,c2) such
that R = Rc1,c2(X ,1) for some X ∈ R

2.
In order to refer to an appropriate weighted Tschebyschow norm for the represen-

tation of all rectangles in a set of rectangles we introduce the following definition.

Definition 5.4. Let R ′ ⊆ R be a set of nondegenerated, axis-parallel rectangles. If
there exist c1,c2 > 0 such that R ∈ Gc1,c2 for all R ∈ R′ then we denote the corre-
sponding weighted Tschebyschow norm ‖ · ‖c1,c2∞ as R ′-generating norm.

On the one hand, for a set R ′ ⊆ R there may exist an unbounded number of R ′-
generating norms. On the other hand, it is possible that there does not exist any
R ′-generating norm for a set R ′ ⊆ R. We will see examples for both cases in the
following.

Given a rectangle R ∈ R and a weighted Tschebyschow norm with weights c1,
c2 the perimeter p of R is given as

p =
2
c1

+
2
c2

.
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The aspect ratio of R may be defined in several ways. We use the following
definition.

Definition 5.5. Let R ∈ R be an axis-parallel rectangle and let c1, c2 be the weights
of a weighted Tschebyschow norm ‖ · ‖c1,c2∞ such that R = Rc1,c2(X ,r) for some
X ∈ R

2, r > 0. Then we define the aspect ratio a of R by a = c2/c1.

Fig. 5.1 The dashed rectangle represents the unit rectangle of the Tschebyschow norm. The unit
rectangle Rc1 ,c2(O,1) of a weighted Tschebyschow norm with weights c1 = 1

4 and c2 = 2
5 is de-

picted solid. The side lengths of this rectangle are given by 2c−1
1 = 8 and 2c−1

2 = 5, respectively.
The aspect ratio is 8/5

According to Definition 5.5 the rectangle depicted in Fig. 5.1 has aspect ratio a =
8/5. Note that this ratio equals the ratio between the side length in x-direction and
the side length in y-direction.

5.3 Point–Rectangle Distance

We define the distance between a rectangle and a fixed point just like the distance
between a circle and a point; that is, the distance between a rectangle R ∈ R and a
fixed point Am ∈ D is given by

dm(R) = d(R,Am) = min{‖Y −Am‖1 : Y ∈ R}

where ‖ · ‖1 denotes the Manhattan norm. Due to the fact that ‖X‖1 = |x1|+ |x2|
for any X = (x1,x2) ∈ R

2 the distance between a rectangle R ∈ R and a point A =
(a1,a2) may also be written as

d(R,A) = min{|y1 −a1|+ |y2 −a2| : (y1,y2) ∈ R}.
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Fig. 5.2 Relation between the weights c1,c2 of a weighted Tschebyschow norm ‖ · ‖c1,c2∞ and the
vertices of the unit rectangle Rc1 ,c2(O,1) and the rectangle Rc1 ,c2(X, r), respectively

Figure 5.2 shows the relation between the weights c1,c2 of ‖ · ‖c1,c2∞ and the
vertices of the unit rectangle Rc1,c2(O,1) and the vertices of an arbitrary rectangle
Rc1,c2(X ,r). We use these relations in order to derive a simple formula for the dis-
tance between a point Am ∈ D and a rectangle R ∈ R. To this end let R ∈ R be
fixed and suppose that R = Rc1,c2(X ,r) for some X ∈ R

2, r,c1,c2 > 0. Furthermore,
let x1,x2 denote the components of X ∈ R

2 and define a partition of the plane into
the four regions U1(X ,r), U2(X ,r), U3(X ,r), and U4(X ,r) depicted in Fig. 5.3.
Formally, these regions are given by the following equations:

Fig. 5.3 Partition of the plane into the regions U1 = U1(X, r), U2 = U2(X, r), U3 = U3(X, r), and
U4 = U4(X, r)
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U1(X ,r) = {(y1,y2) ∈ R
2 : c1|y1 − x1| ≥ r, c2|y2 − x2| ≤ r},

U2(X ,r) = {(y1,y2) ∈ R
2 : c1|y1 − x1| ≤ r, c2|y2 − x2| ≥ r},

U3(X ,r) = {(y1,y2) ∈ R
2 : c1|y1 − x1| ≥ r, c2|y2 − x2| ≥ r},

U4(X ,r) = {(y1,y2) ∈ R
2 : c1|y1 − x1| ≤ r, c2|y2 − x2| ≤ r}.

Using this partition and elementary properties of the Manhattan norm we obtain the
following result.

Lemma 5.6. Let A = (a1,a2) ∈ R
2 be a point. Then we have the following formula

for the distance between A and the rectangle R = Rc1,c2(X ,r):

d(R,A) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

|a1 − x1|− r
c1

if A ∈ U1(X ,r)
|a2 − x2|− r

c2
if A ∈ U2(X ,r)

|a1 − x1|− r
c1

+ |a2 − x2|− r
c2

if A ∈ U3(X ,r)

min
{

r
c1
−|a1− x1|, r

c2
−|a2 − x2|

}
if A ∈ U4(X ,r)

.

Proof. Let Y ∈ R = Rc1,c2(X ,r) such that d(R,A) = ‖Y −A‖1.
If A ∈ U1(X ,r) then Y lies on a vertical edge Ev of R. Hence, ‖Y −A‖1 is the

horizontal distance between A and R, i.e., ‖Y −A‖1 = |a1 − y1| where A = (a1,a2)
and Y = (y1,y2). Furthermore, Y ∈ Ev implies |x1 − y1| = r/c1 where X = (x1,x2).
We distinguish the case a1 < x1 and the case a1 > x1. In the former case we have
a1 ≤ y1 < x1 and obtain

‖Y −A1‖1 = y1 −a1 = −a1 + x1 − r
c1

= |a1 − x1|− r
c1

.

In the latter case we have a1 ≥ y1 > x1 and obtain ‖Y −A1‖ = a1 − x1− r/c1. Thus,
we have d(R,A) = |a1 − x1|− r/c1.

If A ∈ U2(X ,r) then Y lies on a horizontal edge of R. This case can be handled
analogously to the previous case.

If A ∈ U3(X ,r) then Y has to be a vertex of R, i.e., yi = xi± r/ci, i = 1,2. Hence,
the formula d(R,A) = |a1 − x1|− r/c1 + |a2 − x2|− r/c2 can be readily verified.

If A ∈ U4(X ,r) then ‖Y −A‖1 is either the vertical distance or the horizontal
distance between R and A. In the former case we obtain d(R,A) = r/c1 −|a1 − x1|.
In the latter case we obtain d(R,A)= r/c2−|a2−x2|. Hence, we conclude d(R,A)=
min

{
r
c1
−|a1 − x1|, r

c2
−|a2 − x2|

}
. 	


As it can be read from Fig. 5.3 the sets Ui(X ,r), i = 1,2, consist of two and the set
U3(X ,r) consists of four connected convex regions. From Lemma 5.6 we may con-
clude that the distance d(R(X ,r),A) is affine linear in A on each connected region
of Ui(X ,r), i = 1,2,3. Furthermore, it can be obtained from Lemma 5.6 (and also
from Lemma 4.3) that d(R(X ,r),A) is concave in A on U4(X ,r). Hence, we have
the following results.
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Corollary 5.7. The point–rectangle distance d(R(X ,r),A) is affine linear in A on
any connected region of Ui(X ,r), i = 1,2,3, and it is concave in A on U4(X ,r).

Corollary 5.8. The point–rectangle distance d(R(X ,r),A) is affine linear in X on
any connected region of Ui(A,r), i = 1,2,3, and it is concave in X on U4(A,r).

Proof. Due to the fact that the point–rectangle distance d(R(X ,r),A) is symmetrical
in X and A (cf. Lemma 4.1) the assertion follows from Lemma 5.6. 	


Note that Lemma 4.3 implies that for fixed A the distance d(R(X ,r),A) is concave
in X and r on the set

V = {(Y,s) ∈ R
2 × [0,∞[ : ‖Y −A‖ ≤ s} ⊆ R

3 (5.2)

and convex in X and r on any convex set U ⊆ R
2 × [0,∞[\V . This result can

be strengthened. To this end, let A +(Hm) denote the arrangement defined
in Section 4.4; that is, A +(Hm) is induced by hyperplanes containing two-
dimensional facets of cones Nm(u,v), 1 ≤ u < v ≤ 4. Recall that we refer to an
l-dimensional element of A +(Hm) as l-face, 0 ≤ l ≤ 3, and call a 0-face vertex.
Further, recall that A +(Hm) is an arrangement of R

2 × [0,∞[. The construction of
A +(Hm) allows that any point (X ,r) belonging to an l-face, 0≤ l ≤ 3, of A +(Hm)
can be identified with a rectangle Rc1,c2(X ,r) ∈ Gc1,c2 . Note that the arrangement
A +(Hm) depends on the norm ‖ · ‖c1,c2∞ ; that is, A +(Hm) changes if we consider
different weighted Tschebyschow norms.

Lemma 5.9. Let Am ∈ D be a fixed point and define V according to (5.2). Fur-
thermore, let F be any 3-face of A +(Hm) such that int(V )∩F = /0. Then the
point–rectangle distance d(R(X ,r),Am) is affine linear in X and r on F .

Proof. Let U j
i (Am,r), j = 1, . . . ,4, denote the greatest connected open region of

Ui(Am,r), i = 1,2,3, where U 3
i (Am,r) = U 4

i (Am,r) = /0, provided that i ∈ {1,2}.
With ‖ · ‖ = ‖ · ‖c1,c2∞ and k = ‖ · ‖1 it can be observed that each 3-face F of the
arrangement A +(Hm) is a generalization of the regions Ui(Am,r), 1 ≤ i ≤ 4, in the
sense that F has a representation either of the form

F =
⋃
r≥0

{
(Y,s) ∈ R

2 × [0,∞[ : Y ∈ U j
i (Am,s)

}
(5.3)

for fixed i = 1,2,3 and fixed j = 1, . . . ,4, or

F = V =
⋃
r≥0

{
(Y,s) ∈ R

2 × [0,∞[ : Y ∈ U4(Am,s)
}

. (5.4)

The same observation can be made for the arrangement which is induced by hy-
perplanes containing two-dimensional facets of cones Mm(u,v), 1 ≤ u < v ≤ 4
(cf. Section 4.4). Hence, we can apply Theorem 4.17 and obtain that dm(R(X ,r))
is concave in X and r on each 3-face of the arrangement A +(Hm). Together with
the convexity result of Lemma 4.3 we obtain that dm(R(X ,r)) is affine linear in X
and r on F , provided that F ∩ int(V ) = /0. 	
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Recall that the same result also applies to the point–rectangle distance considered in
Chapter 4, see Remark 4.18. Also note that F ∩V �= /0 implies that (Am,0) ∈ F .

5.4 Restricted Problems

We now discuss the three restricted rectangle location problems with feasible sets
Ra,p, Ra, and Rp.

5.4.1 Equal Aspect Ratio and Perimeter

We start with the rectangle location problem with feasible set Ra,p which consists
of rectangles with aspect ratio a > 0 and perimeter p > 0. The following result
shows that for any set Ra,p there exists a unique weighted Tschebyschow norm
‖ · ‖c1,c2∞ such that R = Rc1,c2(X ,1) for all R ∈ Ra,p; that is, ‖ · ‖c1,c2∞ is a unique
Ra,p-generating norm with this property.

Lemma 5.10. For any a, p > 0, there exists a unique pair c1,c2 > 0 such that

Ra,p = {Rc1,c2(X ,1) : X ∈ R
2}. (5.5)

Furthermore, the weighted Tschebyschow norm ‖ · ‖c1,c2∞ is an Ra,p-generating
norm.

Proof. Let R0 be the unique rectangle with aspect ratio a and perimeter p having its
center at the origin O ∈ R

2. Define

c1 =
2 + 2a−1

p
, c2 = c1a.

Then we have R0 = Rc1,c2(O,1); that is, ‖ ·‖c1,c2∞ is an {R0}-generating norm. Since
R0 is unique also ‖ ·‖c1,c2∞ is unique. Due to the fact that any rectangle R ∈ Ra,p can
be represented as translation of R0 = Rc1,c2(O,1) we conclude that ‖ · ‖c1,c2∞ is an
Ra,p-generating norm. In particular, we obtain (5.5). 	

In the following let c1 = (2 + 2a−1)/p, c2 = (2 + 2a)/p; that is, c1 and c2 denote
the unique weights associated to the weighted Tschebyschow norm that allows a
representation of Ra,p according to (5.5). Due to Lemma 5.8 we may conclude
that the distance dm(R(X ,1)) between a rectangle R(X ,1) = Rc1,c2(X ,1) and a fixed
point Am ∈ D is concave in X on any convex region of Ui(Am,1), 1 ≤ i ≤ 4. For the
sake of simplicity, we define an arrangement of the plane R

2 such that each face of
the arrangement is a subset of a region Ui(Am,1), 1 ≤ i ≤ 4. To this end we need the
following notation.
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Definition 5.11. Let Am ∈ D be a fixed point. For each fundamental direction E of
the Manhattan norm ‖ · ‖1, straight lines with direction E through the points

Am +
1

c1c2

(
c2

c1

)
, Am +

1
c1c2

(−c2

c1

)
,

Am +
1

c1c2

(
c2

−c1

)
, Am +

1
c1c2

(−c2

−c1

)
.

are called auxiliary lines.

Drawing all 4M auxiliary lines associated to the fixed points in D induces a partition
of the plane R

2 into convex regions. As in previous chapters, the arrangement which
is induced by the auxiliary lines is called A (L ). We assume that each face of the
arrangement A (L ) is closed. The following result shows that the objective function
f (R(X ,1)) of the rectangle location problem with feasible set Ra,p is concave in X
on each face of the arrangement A (L ).

Lemma 5.12. Let F be a face of the arrangement A (L ). Then the point–rectangle
distance d(R(X ,1),Am) between a rectangle R(X ,1) ∈ Ra,p and a point Am ∈ D is
concave in X on F . In particular, the objective function of the rectangle location
problem with feasible set Ra,p is concave in X on F .

Proof. From the definition of auxiliary lines and the regions Ui(Am,1) it follows
that for each face F of the arrangement A (L ) there exists a value im ∈ {1, . . . ,4}
for all m = 1, . . . ,M such that

F =
M⋂

m=1

Uim(Am,1).

Thus, using Corollary 5.8 we may conclude that the distance d(R(X ,1),Am) is con-
cave on F for all m = 1, . . . ,M. On each face F the objective function f (R(X ,1))
is a sum of concave functions and therefore also concave in X . 	


Lemma 5.12 allows us to draw the following consequence.

Corollary 5.13. There exists a minisum rectangle R∗ ∈ Ra,p for the rectangle loca-
tion problem with feasible set Ra,p.

Proof. On each face of the arrangement A (L ) the objective function is con-
cave and bounded below by zero. Therefore, there has to exist X ∈ R

2 such that
Rc1,c2(X ,1) is a minisum rectangle. 	

Note that there exists a vertex X of the arrangement A (L ) such that Rc1,c2(X ,1)
is a minisum rectangle. This observation implies an incidence property which is
satisfied by at least one minisum rectangle.

Lemma 5.14. There exists a minisum rectangle R∗ for the rectangle location prob-
lem with feasible set Ra,p such that at least one vertex V of R∗ is at an intersection
point of two direction lines, i.e., V is the intersection point between two distinct fun-
damental directions of norm ‖ · ‖1 through two (not necessary distinct) fixed points.



86 5 Minisum Rectangles in a Manhattan Plane

Proof. Assume that R∗ = Rc1,c2(X
∗,1) is a minisum rectangle and X∗ is a vertex of

the arrangement A (L ). Then, X∗ lies at an intersection point of two auxiliary lines.
Let us assume that these lines are associated to the fixed points A1 = (a11,a12) and
A2 = (a21,a22). Without loss of generality, let us assume that X∗ lies on a horizontal
auxiliary line �1 associated to A1 and a vertical auxiliary line �2 associated to A2.
We obtain |a11 − x1| = c−1

1 and |a22 − x2| = c−1
2 where X∗ = (x1,x2). In particular,

we have |y1 − x1| = c−1
1 for any Y = (y1,y2) ∈ �1 and |z2 − x2| = c−1

2 for any Z =
(z1,z2) ∈ �2, see Fig. 5.4. Let Y ′ = (y′1,y

′
2) denote the intersection point between �1

and �2. Then we have c1|y′1 − x1| = 1 and c2|y′2 − x2| = 1; that is, Y ′ is a vertex of
R∗ = R(X ,1). 	


Fig. 5.4 Illustration of Lemma 5.14: auxiliary lines (solid lines) and direction lines (dashed lines)
for the fixed points A1 and A2

Lemma 5.14 gives rise to a finite dominating set for the rectangle location problem
with feasible set Ra,p. At each intersection point V of two direction lines there exist
four different rectangles R ∈Ra,p having a vertex at V . The function Ξ which maps
each instance of the rectangle location problem with feasible set Ra,p onto these
rectangles is a finite dominating set according to Definition 1.56. There are O(M2)
intersection points between direction lines, therefore O(M2) rectangles in Ξ(I ) for
each instance I . Hence, the brute-force algorithm which evaluates each rectangle
R ∈ Ξ(I ) needs O(M3) operations. Alternatively, it is also possible to evaluate
each intersection point of two auxiliary lines. There are O(M2) intersection points
between auxiliary lines. Hence, also this approach leads to a minisum rectangle in
O(M3) operations.

Examples can be readily constructed that show the existence of minisum rect-
angles which do not have any vertex at an intersection point of two direction lines.
Therefore, the finite dominating set Ξ does not contain all minisum rectangles in
general. However, the set of optimal centers

X ∗ := {X ∈ R
2 : f (Rc1,c2(X ,1)) ≤ f (Rc1,c2(Y,1)) for all Y ∈ R

2}



5.4 Restricted Problems 87

has to be the union of vertices, edges, and faces of the arrangement A (L ). Indeed,
on each face F of the arrangement A (L ) the objective function is concave. Thus,
either all points of X ∈ F , or all points X lying on an edge of F , or a vertex X
of F correspond to a local minisum rectangle R(X ,1). Therefore, we can find all
minisum rectangles in the following way: Firstly, compute all minisum rectangles
having their centers at vertices of A (L ), and let f ∗ denote the objective value
of a minisum rectangle. Secondly, for all edges E and faces F of A (L ), choose
any interior point X ∈ E and X ∈ F , respectively, and compute the objective value
of the rectangle R = Rc1,c2(X ,1). If f (R) = f ∗ then the edge E and the face F ,
respectively, belong to X ∗. The number of edges and faces of the arrangement
A (L ) is bounded by O(M2) (cf. [BKOS00]), therefore the worst case complexity
of the brute-force algorithm mentioned above does not increase if we search all
minisum rectangles.

5.4.2 Equal Aspect Ratio

The rectangle location problem with feasible set Ra is discussed in the following.

Lemma 5.15. For any a > 0 the weighted Tschebyschow norm ‖ · ‖1,a
∞ is an Ra-

generating norm; that is,

Ra = {R1,a(X ,r) : X ∈ R
2,r > 0}.

Proof. On the one hand, any rectangle R1,a(X ,r) has aspect ratio a. Hence,

{R1,a(X ,r) : X ∈ R
2,r > 0} ⊆ Ra.

On the other hand, for any rectangle R ∈ Ra having its center at X ∈ R
2 there exists

λ > 0 such that
λR1,a(O,1)+{X}= R;

that is, R1,a(X ,λ ) = R and Ra ⊆ {Rc1,c2(X ,r) : X ∈ R
2,r > 0}. 	


From Lemma 5.15 it follows that the rectangle location problem with feasible set
Ra,p is equivalent to the minisum circle problem with unequal norms where the
weighted Tschebyschow norm ‖ ·‖1,a

∞ is used in order to define circles and the Man-
hattan norm is used in order to define distances, see Chapter 4. Hence, there always
exists a minisum rectangle R∗ ∈ Ra,p (cf. Theorem 4.19) and the finite dominating
set which has been obtained in Section 4.4.2 is also valid for the present rectangle
location problem.

The following considerations lead to a geometric description of minisum rectan-
gles. Firstly, we can state the following incidence property which is derived from
Lemma 5.14.
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Lemma 5.16. There exists a minisum rectangle R∗ for the rectangle location
problem with feasible set Ra such that at least one vertex V of R∗ is at an in-
tersection point of two direction lines, i.e., V is the intersection point between two
direction lines through two (not necessary distinct) fixed points.

Proof. Due to Lemma 4.19 there exists a minisum rectangle R∗ ∈ Ra. Let p be
its perimeter. Since R∗ is an optimal solution to the rectangle location problem with
feasible set Ra it has to be an optimal solution to the problem with feasible set Ra,p.
Using Lemma 5.14 we may conclude that there exists a rectangle R′ ∈ Ra,p having
a vertex at the intersection point of two direction lines through two fixed points such
that f (R′) = f (R∗). Since R′ ∈ Ra we obtain the assertion. 	

Remark 5.17. Recall that for the rectangle location problem with feasible set Ra,p

there exists a minisum rectangle having its center at the intersection point of two
auxiliary lines. This observation is not sufficient in order to show Lemma 5.16 due
to the fact that it is not possible to define auxiliary lines for the rectangle location
problem with feasible set Ra. Therefore, Lemma 5.14 is crucial to the proof of
Lemma 5.16.

The number of rectangles having a vertex at an intersection point between di-
rection lines is not bounded. Nevertheless, we can show that only a finite number
of such rectangles has to be considered in order to find a minisum rectangle. To
this end consider the Ra-generating norm ‖ · ‖1,a

∞ and let V1 = (v1,v2) ∈ R
2 be an

arbitrary point. For any z > 0 let

Xz := (z+ v1,a
−1z+ v2)

and define the rectangle Rz := Rc1,c2(Xz,z). Note that for all z > 0 we have ‖Xz −
V1‖1,a

∞ = z. Hence, for all z > 0 the bottom left vertex of Rz is at V1. Furthermore,
the bottom right, top right, and top left vertices are given by

V2 = (v1 + 2z,v2), V3 = (v1 + 2z,v2 + 2a−1z), V4 = (v1,v2 + 2a−1z).

Remark 5.18. For any a > 0 the fundamental directions of the norm ‖ · ‖1,a
∞ are

given as

E1 =
(

1
a−1

)
, E2 =

(
1

−a−1

)
, E3 =

( −1
−a−1

)
, E4 =

(−1
a−1

)
.

Hence, for any z > 0 we have Xz = V1 + zE1 and the center of Rz = R1,a(Xz,z) lies
on the ray [V1,E1〉.
For each fixed point Am = (am1,am2) ∈ D define

π1
m =

am1 − v1

2
, π2

m =
a(am2 − v2)

2
.

With these notations we can state the following result.
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Lemma 5.19. For any V1 ∈ R
2 and any fixed point Am ∈ D , the function h(z) =

d(R(Xz,z),Am) is piecewise concave in z on [0,∞[. It has a breakpoint in each point
of the set {π1

m,π2
m}∩ [0,∞[.

Proof. Note that
S = {(Xz,z) : z ∈ [0,∞[} ⊆ R

2 × [0,∞[

is a ray with start point in (V,0). Combining Lemma 4.3 and Lemma 5.9 we obtain
that the point–rectangle distance is piecewise concave on S . Hence, h(z) has to be
piecewise concave in z on [0,∞[.

The point–rectangle distance dm(R(X ,r)) has a breakpoint in (X ,r) ∈ S if and
only if (X ,r) belongs to two 3-faces of the arrangement A +(Hm). This implies
that h(z) has a breakpoint in z′ if and only if Am ∈ Ui1(Xz′ ,z

′) and Am ∈ Ui2(Xz′ ,z
′)

for some i1 �= i2 ∈ {1,2,3,4}. Due to the definition of the regions Ui1(Xz′ ,z
′) and

Ui2(Xz′ ,z
′) it follows that either the vertical line 〈V2,V3〉 through the vertices V2 and

V3 of Rz = R(Xz′ ,z
′) or the horizontal line 〈V3,V4〉 through the vertices V3 and V4

intersect Am. In the former case we have z′ = π2
m and in the latter case we have

z′ = π1
m. 	


Using Lemma 5.19 we obtain the following consequence.

Corollary 5.20. For any V1 ∈ R
2, the function

h(z) = f (R(Xz,z)) =
M

∑
m=1

ωmd(R(Xz,z),Am)

is piecewise concave in z on [0,∞[. It has a breakpoint in each point of the set{
π1

m,π2
m : 1 ≤ m ≤ M

}∩ [0,∞[.

Since we may rotate the fixed points by multiples of 90◦, a similar result to
Corollary 5.20 applies if we keep another vertex than the bottom left vertex of the
rectangle Rz fixed. Furthermore, z = π i

m, i = 1,2, implies that an edge of R(Xz,z)
is contained in a direction line through the fixed point Am. Hence, we have the
following incidence property for the objective function of the rectangle location
problem with feasible set Ra.

Lemma 5.21. There exists a minisum rectangle R∗ for the rectangle location prob-
lem with feasible set Ra such that a vertex of R∗ is at an intersection point of two
direction lines �1 �= �2 and an edge of R∗ is contained in a third direction line �3

distinct from �1 and �2.

Remark 5.22. Note that Lemma 5.21 is an enhancement of a similar result for the
minisum circle problem with unequal norms stated in Lemma 4.22.

For any intersection point of two direction lines there exist at most 8(M − 1)
rectangles fulfilling the incidence property of Lemma 5.21. Hence, the size of set
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Ξ(I) which contains all rectangles with this incidence property is O(M3) for any
instance I ∈I of the rectangle location problem with feasible set Ra, and the func-
tion Ξ : I �→ Ξ (I) is a finite dominating set for this problem. Using a brute-force
algorithm a minisum rectangle may be computed in O(M4) operations.

As for the problem with feasible set Ra,p also for the problem with feasible set
Ra it can be shown that Lemma 5.21 does not state a necessary condition. In order to
find all minisum rectangles having a vertex at an intersection point of two direction
lines it has to be checked whether or not the objective value f (Rz) is constant in z on
a line segment defined by the values π1

m, π2
m, 1 ≤ m ≤ M. Algorithm 5.1 evaluates

all rectangles contained in the finite dominating set Ξ (I) and also reports minisum
rectangles which have a vertex at an intersection point of two direction lines but do
not satisfy the third incidence property of Lemma 5.21. Using a comparison-based
sorting procedure the algorithm runs in O(M4 logM) operations.

Algorithm 5.1: Computing minisum rectangles for feasible set Ra

Input: Set of fixed points D , associated weights ωm, aspect ratio a > 0, weights c1,c2 of
R-generating norm for Ra

Output: Set of all minisum rectangles Opt with vertex at an intersection point of direction
lines

// Initialization

Opt := /0, X∗ := (0,0), r∗ := 1, R∗ := Rc1,c2(X
∗, r∗)1

// Search for minisum rectangles

for any intersection point V of two direction lines do2
for φ = 0◦,90◦,180◦,270◦ do3

Rotate D by φ degree in clockwise direction around the origin4
for m = 1, . . .M do5

Compute π1
m and π2

m associated to V6

if π i
m ≤ 0 then7

Delete π i
m8

Sort the remaining values π i
m in an increasing order, adapt M9

Rename the values as μ j, 1 ≤ j ≤ 2M, such that μ j ≤ μ j+110
for 1 ≤ j ≤ 2M do11

// Rectangles contained in the FDS

R j := Rc1,c2 (Xμ j , rμ j )12

f j := f (R j)13
if f j = f (R∗) then Opt := Opt∪{R j}14
if f j < f (R∗) then15

Opt := {R j}16
X∗ := Xμ j , r∗ := rμ j17

// Minisum rectangles not contained in the FDS

if R j−1 ∈ Opt then18

z := 1
2 (μ j−1 + μ j), Rz := Rc1 ,c2(Xz, z)19

if f (Rz) = f (R∗) then Opt := Opt∪{Rz : z ∈ [μ j−1, μ j]}20
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Remark 5.23. Small modifications of Algorithm 5.1 lead to an O(M3 logM)
algorithm: As mentioned above, f (Rz) is concave in z on intervals which are
defined by the values π1

m, π2
m, 1 ≤ m ≤ M. Decomposing each interval into O(1)

smaller intervals results in an affine linear function on each interval. Now, the eval-
uation of f (Rj) in the fourth for loop of Algorithm 5.1 can be performed in O(M)
operations and the runtime reduces to O(M3 logM).

Remark 5.24. Note that the finite dominating set which is derived in Chapter 4 con-
sists of O(M3) candidate circles (i.e., rectangles in our case). Thus, the finite domi-
nating set for the rectangle location problem with feasible set Ra has the same size
but gives rise to an efficient enumeration scheme.

5.4.3 Equal Perimeter

Given a fixed perimeter p > 0 we study the rectangle location problem with feasible
set Rp. For analyzing this problem let V = (v1,v2) ∈ R

2 be any point and define

XV,z :=
(

2−1z+ v1

4−1(p−2z)+ v2

)
, c1(z) :=

2
z
, c2(z) :=

4
p−2z

.

Then it can be readily verified that for any 0 < z < 2−1p

RV,z = {Y ∈ R
2 : ‖Y −XV,z‖c1(z),c2(z)

∞ = 1}

is a rectangle with perimeter p having its bottom left vertex at point V and its center
at XV,z. Furthermore, the length of both horizontal edges of the rectangle RV,z is z.
As a consequence we obtain the following result.

Lemma 5.25. For any p > 0 we have

Rp =
⋃

V∈R2

{RV,z : 0 < z < 2−1p}.

Remark 5.26. A rectangle RV,z can be represented by using the weighted Tscheby-

schow norm ‖Y −XV,z‖c1(z),c2(z)
∞ . It is important to keep in mind that we have RV,z =

Rc1(z),c2(z)(Xz,1). In particular, each rectangle RV,z has radius r = 1. In contrast to
previous rectangle location problems the radius is not used in order to define the
side length of the rectangle RV,z.

Remark 5.27. Note that the representation of Rp stated in Lemma 5.25 is based on
different weighted Tschebyschow norms. In contrast to the sets Ra,p and Ra, it is
clear that an Rp-generating norm does not exist.

The following example shows that a minisum rectangle for the rectangle location
problem with feasible set Rp does not need to exist.
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Example 5.28. Suppose M = 2, A1 = (0,0), A2 = (0,10), ω1 = ω2, and p = 20. Let
V = A1 and consider the rectangle RV,z having its bottom left vertex in V . We have

f (RVz) = ω1v1 + ω2(10− v1− z) = ω2(10− z).

This function attains on [0,2−1 p] a minimum in z = 2−1 p = 10. This value does
not correspond to a rectangle but to a vertical line segment with length 2−1 p. Since
f (RV,z) = 0 for V = A1, z = 10 and f (RV,z) > 0 for all V �= A1 it can be concluded
that Rp does not contain a minisum rectangle in this case.

In order to ensure the existence of a minimum for the rectangle location problem
with feasible set Rp the following definition is needed.

Definition 5.29. The set containing Rp and all vertical and horizontal line segments
with length p/2 is called Rp. The elements of Rp are called generalized rectangles.

We show that Rp always contains an optimal solution to the rectangle location
problem with feasible set Rp.

Lemma 5.30. For any p > 0 there exists an optimal solution R∈Rp to the rectangle
location problem with feasible set Rp.

Proof. Let RD denote the smallest rectangle enclosing D . Let

B := {V ∈ R
2 : min

Y∈RD

‖V −Y‖∞ ≤ p/2}

and define for each V ∈ B the set RV ⊆ Rp which consists of all generalized rect-
angles having perimeter p and bottom left vertex at V . Denoting the length along the
x-axis of a generalized rectangle by z we may identify the set RV by {V}× [0,2−1p].
Therefore, we may conclude that

R ′
p :=

⋃

V∈B

RV

is a compact set in R
3, and the objective function of the rectangle location prob-

lem with feasible set R ′
p attains a minimum on R ′

p. It remains to show that

Rp \R ′
p does not contain a generalized minisum rectangle. To this end, note that

minY∈RD
d(R,Y ) > 0 for all R ∈ Rp \R ′

p. Hence, R ∈ Rp \R ′
p does not intersect

RD and we can improve the objective value of R by moving R toward RD . 	

Similar to rectangle location problems with feasible sets Ra,p or Ra we have the
following incidence property.

Lemma 5.31. There exists a (degenerated) minisum rectangle R∗ for the rectangle
location problem with feasible set Rp such that at least one vertex V of R∗ is at an
intersection point of two distinct direction lines.
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Proof. Let R∗ ∈ Rp be a minisum rectangle. We distinguish the case R∗ ∈ Rp and
R∗ ∈ Rp \Rp. In the former case the representation

Rp =
⋃
a>0

Ra,p

implies the assertion. In the latter case R∗ is either a vertical or a horizontal line
segment with length p/2. We denote as � the straight line containing R∗. Further-
more, we denote as L the stripe consisting of all straight lines orthogonal to � and
intersecting R∗. Let H+

� ,H−
� ⊆ R

2 denote both open half-spaces defined by �. Also
the stripe L defines two open half-spaces; these half-spaces are called H+

L and H−
L .

It can be readily shown that R∗ satisfies the following median properties:
∣∣∣∣∣∣ ∑
m:Am∈H+

Ψ

ωm − ∑
m:Am∈H−

Ψ

ωm

∣∣∣∣∣∣
≤ ∑

m:Am∈Ψ
ωm, Ψ ∈ {�,L}.

Hence, an optimal degenerated minisum rectangle R′ exists such that both the corre-
sponding line � and the boundary of the corresponding stripe L contain at least one
fixed point. It follows that a vertex of R′ lies at an intersection point of two direction
lines of two distinct fixed points. 	


By using Lemma 5.30 and Lemma 5.31 we may conclude that there exists an
intersection point of two direction lines V and φ ∈ {0◦,90◦,180◦,270◦} such that

• Either RV,z is a minisum rectangle for some z ∈ ]0,2−1 p[ where the fixed points
are rotated around the origin by φ , or

• One of the four vertical and horizontal line segments with start point in V and
length 2−1 p is a degenerated minisum rectangle

The following result is needed in order to prove a stronger incidence property which
applies to some minisum rectangles R∗ ∈Rp. Note that the following result does not
follow directly from properties of the point–rectangle distance since there does not
exist an Rp-generating norm.

Lemma 5.32. Let V = (v1,v2) ∈ R
2. Then the function h(z) = f (RV,z) is piecewise

concave in z on ]0, p/2[. h(z) has a breakpoint in each point of the set

{
π1

m,π2
m : 1 ≤ m ≤ M

}∩ ]0, p/2[

where π1
m = am1− v1 and π2

m = am2− v2 − p/2, 1 ≤ m ≤ M.

Proof. We show that the distance dm(RV,z,Am) between a fixed point Am ∈ D
and a rectangle RV,z is piecewise concave in z on ]0, p/2[ and has breakpoints
in {π1

m,π2
m}∩ ]0, p/2[. This shows the result, since h(z) = f (RV,z) is the sum of

weighted distances dm(RV,z) where all weights are nonnegative.
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First, it should be noted that for each value of z ∈ ]0, p/2[ norm ‖ · ‖c1(z),c2(z)
∞

is used in order to define region Ui(Xz,1). In order to emphasize the relation be-

tween norm ‖·‖c1(z),c2(z)
∞ and region Ui(Xz,1) we use in the following the denotation

U
c1(z),c2(z)

i (Xz,1).
Without loss of generality assume π1

m ≤ π2
m, otherwise we may change the nu-

meration of the values. Since π1
m,π2

m ∈ R three cases are possible:

(i) π1
m,π2

m /∈ ]0, p/2[∩ [π1
m,π2

m].
(ii) π i

m ∈ ]0, p/2[∩ [π1
m,π2

m], π j
m /∈ ]0, p/2[∩ [π1

m,π2
m], i �= j ∈ {1,2}.

(iii) π1
m,π2

m ∈ ]0, p/2[∩ [π1
m,π2

m].

Due to the definition of π1
m and π2

m case (i) implies that there exists j ∈ {1,2,3} such
that

Am ∈ U
c1(z),c2(z)
j (Xz,1) for all z ∈ ]0, p/2[.

Case (ii) implies that there exist j1 �= j2 ∈ {1,2,3} such that

Am ∈ U
c1(z),c2(z)
j1

(Xz,1) for all z ∈ ]0,π i
m]

and
Am ∈ U

c1(z),c2(z)
j2

(Xz,1) for all z ∈ [π i
m, p/2[

where i ∈ {1,2} such that π i
m ∈ ]0, p/2[. Case (iii) implies that there exist j1 �= j2 ∈

{1,2,3} such that

Am ∈ U
c1(z),c2(z)
j1

(Xz,1) for all z ∈ ]0,π1
m],

Am ∈ U
c1(z),c2(z)

4 (Xz,1) for all z ∈ [π1
m,π2

m],

and
Am ∈ U

c1(z),c2(z)
j2

(Xz,1) for all z ∈ ]π2
m, p/2[.

Since c1(z) = 2/z and c2(z) = 4/(p−2z), it follows from the formula for the point–
rectangle distance stated in Lemma 5.6 that dm(RV,z) is piecewise concave with
breakpoints in {π1

m,π2
m}∩]0, p/2[. 	


Lemma 5.32 gives rise to the following incidence property.

Lemma 5.33. There exists a generalized minisum rectangle R∗ ∈Rp for the rectan-
gle location problem with feasible set Rp such that a vertex of R∗ is at an intersec-
tion point of two distinct direction lines �1 �= �2 and an edge of R∗ is contained in a
third direction line �3 which is not necessary distinct from �1 or �2. In particular, if
�3 is distinct from �1 and �2, then R∗ is nondegenerated.

Proof. From Lemma 5.31 we obtain that there exists a (degenerated) minisum rect-
angle having a vertex at an intersection point of two direction lines. Without loss
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of generality we assume that a (degenerated) minisum rectangle R∗ exists having
its bottom left vertex at an intersection point of two direction lines, say V . Since
h(z) = f (RV,z) is piecewise concave in z on ]0, p/2[ it follows that there also exists
a (degenerated) minisum rectangle R′ such that R′ = RV,z for some

z ∈ {0, p/2}∪ ({π1
m,π2

m : 1 ≤ m ≤ M
}∩]0, p/2[

)
.

z∈ {0, p/2} implies that R′ is a degenerated minisum rectangle. Thus, the start point
V of the line segment R′ lies at an intersection point of two direction lines �1, �2 and
R′ is contained either in �1 or �2. If z = π i

m for some m ∈ {1, . . . ,M} and i ∈ {1,2} it
follows that R′ is not degenerated. In this case i = 1 implies that the horizontal edge
of R′ which is not adjacent to V is contained in the horizontal direction line through
Am. Similarly, i = 2 implies that the vertical edge of R′ which is not adjacent to V is
contained in the vertical direction line through Am. 	


Lemma 5.33 gives rise to a solution method for the rectangle location problem
with feasible set Rp. There are O(M3) rectangles R ∈ Rp satisfying the conditions
of Lemma 5.33. Furthermore, it can be concluded that there exist at most 2M(M−1)
line segments satisfying the conditions of the lemma. Thus, an optimal generalized
minisum rectangle may be found in O(M4) operations by evaluating O(M3) gen-
eralized rectangles. As a solution procedure a two-step approach is suitable. In a
first step, Algorithm 5.2 may be used in order to compute optimal nondegenerated
rectangles R ∈ Rp having a vertex at an intersection point of two direction lines. In
a second step, degenerated rectangles R ∈ Rp \Rp have to be evaluated. The worst-
case complexity of Algorithm 5.2 is O(M4). Evaluating all candidate line segments
can be performed in O(M3) operations by a brute-force algorithm. Hence, the fol-
lowing result may be obtained.

Lemma 5.34. All generalized minisum rectangles with perimeter p > 0 having a
vertex at an intersection point of two direction lines may be computed in O(M4)
operations.

Remark 5.35. As we have already mentioned in the proof of Lemma 5.31 a degen-
erated rectangle has to satisfy the median properties

∣∣∣∣∣∣ ∑
m:Am∈H+

Ψ

ωm − ∑
m:Am∈H−

Ψ

ωm

∣∣∣∣∣∣
≤ ∑

m:Am∈Ψ
ωm, Ψ ∈ {�,L}.

Hence, an optimal degenerated rectangle can be computed in O(M logM) opera-
tions.

For equal weighted fixed points the following result states a mild condition en-
suring that at least one nondegenerated minisum rectangle exists.

Theorem 5.36. Suppose that all fixed points in D have equal weight ω > 0 and no
pair of two fixed points lies on a common vertical or horizontal line. Then there ex-
ists a nondegenerated minisum rectangle R ∈Rp for the rectangle location problem
with feasible set Rp.
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Algorithm 5.2: Computing optimal rectangles R ∈ Rp

Input: Set of fixed point D , associated weights ωm, perimeter p > 0
Output: Set of optimal rectangles Opt ⊆ Rp with vertex at an intersection point of direction

lines
// Initialization

Opt := /0, f ∗ := ∞1
// Search for minisum rectangles

for any intersection point V of two direction lines do2
for φ = 0◦,90◦,180◦,270◦ do3

Rotate D by φ degree in clockwise direction around the origin4
for m = 1, . . .M do5

Compute π1
m and π2

m associated to V6

if π i
m /∈]0,2−1 p[ then7

Delete π i
m8

Let M′ be the number of remaining values π i
m9

for 1 ≤ j ≤ M′ do10
f j := RV,μ j11

if f j = f ∗ then12
Opt := Opt∪{RV,μ j}13

if f j < f ∗ then14
Opt := {RV,μ j }15

f ∗ := f j16

Proof. Assume that S ⊆ R
2 is a degenerated minisum rectangle, i.e., S is either a

horizontal or a vertical line segment with length 2−1 p. We show that a nondegen-
erated rectangle R ∈ Rp exists such that f (R) ≤ f (S). To this end, assume without
loss of generality:

• ωm = 1 for all 1 ≤ m ≤ M.
• S is a horizontal line segment, and S = [X ,Y ] for some X ,Y ∈ R

2.
• X is an intersection point of two distinct direction lines.
• Y is not a fixed point, i.e., Y /∈ D .
• A1 ∈ D belongs to the straight line containing S.

Let R1(z)∈Rp denote the rectangle with bottom left vertex in X and bottom right
vertex in X +(z,0). Let R2(z) denote the rectangle with top right vertex in Y and top
left vertex in Y − (z,0). Note that R1(z) and R2(z) are well defined for z ∈ ]0,2−1p[.
Denote the bottom left vertex of Ri(z) as V i

1, the bottom right vertex by V i
2, the top

right vertex by V i
3, and the top left vertex by V i

4, i = 1,2. Then we obtain

V 1
1 =

(
x1

x2

)
, V 1

2 =
(

z+ x1

x2

)
,

V 1
3 =

(
z+ x1

−z+ p/2 + x2

)
, V 1

4 =
(

x1

−z+ p/2 + x2

)
,
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V 2
1 =

( −z+ y1

z+ y2 − p/2

)
, V 2

2 =
(

y1

z+ y2 − p/2

)
,

V 2
3 =

(
y1

y2

)
, V 2

4 =
(−z+ y1

y2

)
,

where X = (x1,x2) and Y = (y1,y2). Observe that V 1
3 lies for all z ∈ ]0,2−1 p[ on a

straight line with slope −1. Analogously, V 2
1 lies for all z ∈ ]0,2−1 p[ on a straight

line with slope 1, see also Fig. 5.5.
We subdivide D into three sets:

DI = {Am = (am1,am2) ∈ D : am1 ≤ x1,am2 > x2},
DII = {Am = (am1,am2) ∈ D : am1 ≥ y1,am2 < y2},
DIII = D \ (DI ∪DII ∪{A1}).

For any fixed point Am ∈ DIII there exists ε1
m > 0 such that

d(S,Am) ≥ d(R1(z),Am), for all z ∈ ]p/2− ε1
m, p/2[.

Indeed, if Am lies above or below S then it is clear that the distance between Am and
R1(z) is either constant or decreases. If we have am1 ≤ x1 and am2 < x2 then the
distance between Am = (am1,am2) and R1(z) is given by ‖X − Am‖1; that is,
the distance is constant for all z ∈ ]p/2 − ε1

m, p/2[. If am1 ≥ y1 and am2 > y2

then the distance between Am and R1(z) is given by ‖Am −V 1
3 ‖. Since V 1

3 lies on a
line with slope −1 which intersects the point Y , we may conclude that the distance
is constant for ε1

m sufficiently small. Analogously, we may show the same result for
the distances between the fixed points Am ∈ DIII and the rectangle R2(z), i.e., for
any fixed point Am ∈ DIII there exists ε2

m > 0 such that

d(S,Am) ≥ d(R2(z),Am), for all z ∈ ]p/2− ε2
m, p/2[.

For a fixed point Am ∈ DI there also exist ε1
m > 0 and ε2

m > 0 such that

d(S,Am)−d(R1(z),Am) = ‖Am −X‖−‖Am−V 1
4 ‖1 =

p
2
− z,

d(S,Am)−d(R2(z),Am) = ‖Am −X‖−‖Am−V 2
4 ‖1 = − p

2
+ z

for all z ∈ ]p/2−min{ε1
m,ε2

m}, p/2[. Analogously, for a fixed point Am ∈ DII there
exist ε1

m > 0 and ε2
m > 0 such that

d(S,Am)−d(R1(z),Am) = ‖Am−Y‖−‖Am−V 1
2 ‖1 =

p
2

+ z,

d(S,Am)−d(R2(z),Am) = ‖Am−Y‖−‖Am−V 2
2 ‖1 =

p
2
− z

for any z ∈ ]p/2−min{ε1
m,ε2

m}, p/2[. If A1 ∈ ]X ,Y [ then there exists ε1
1 > 0 and

ε2
1 > 0 such that

d(S,A1) = d(R1(z),A1) = d(R2(z),A1)
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for all z ∈ ]p/2−min{ε1
1 ,ε2

1}, p/2[. If a11 ≤ x1 then we have

d(S,A1)−d(R1(z),A1) = 0,

d(S,A2)−d(R2(z),A1)‖A1 −X‖1‖A1 −V 2
4 ‖1 =

p
2
− z

for all z ∈ ]0, p/2[. Analogously, in case that a11 ≥ y1 we obtain

d(S,A1)−d(R1(z),A1) = ‖A1 −Y‖1‖A1 −V2
2 ‖1 =

p
2
− z,

d(S,A2)−d(R2(z),A1) = 0

for all z ∈ ]0, p/2[.
Let ε := min{ε i

m : m = 1, . . . ,M, i = 1,2}. Then we obtain the following inequal-
ities valid for any z ∈ [p/2− ε, p/2[:

f (S)− f (R1(z)) ≥ (|DI|− |DII|−σ)
( p

2
− z
)

f (S)− f (R2(z)) ≥ (|DII|− |DI|− τ)
( p

2
− z
)

where

σ =

{
1; a11 ≥ y1

0; a11 < y1
, τ =

{
1; a11 ≤ x1

0; a11 > x1
.

We have max{(|DI|− |DII|−σ),(|DII|− |DI|− τ)} ≥ 0, hence there exists a non-
degenerated minisum rectangle. 	


Fig. 5.5 Illustration of Theorem 5.36. The vertical line segment corresponds to R1(0), the dashed
rectangle corresponds to R1(p/2), the solid rectangle corresponds to R1(3p/2), and the horizontal
line segment S = [X,Y ] corresponds to R1(p/2)

Remark 5.37. In the proof of Theorem 5.36 the observation is used that the top right
vertex of the rectangle R1(z) lies on a straight line with slope −1. This observation
can be generalized in the following way:
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For two opposite vertices V and V ′ of an arbitrary rectangle R ∈ Rp we have

V ′ ∈C(V, p/2), V ∈C(V ′, p/2) (5.6)

where C is a circle defined with respect to the Manhattan norm.

The generalization of Theorem 5.36 to fixed points with distinct weights is not
true. This result is shown by the following example.

Example 5.38. Let p = 4 and consider the four fixed points

A1 =
(

1
0

)
, A2 =

(
0
1

)
, A3 =

(
3.5
−0.5

)
, A4 =

(
3

0.5

)

with weights ω1 = 4, ω2 = 1, ω3 = 2, and ω4 = 1. Let Ri, i = 1,2,3, denote the three
rectangles depicted in Fig. 5.6. The objective values of these rectangles are

f (R1) = 6, f (R2) = 5, f (R3) = 5.
The horizontal line segment S = [1,3]×{0} has objective value f (S) = 4.5. Us-

ing Lemma 5.33 it can be verified that f (S) ≤ f (R) for all R ∈ Rp; that is, S is a
unique optimal solution.

Fig. 5.6 Illustration of Example 5.38

5.5 Unrestricted Problem

In this section the case is considered where the feasible set is R; that is, all axis-
parallel rectangles are feasible solutions.

The following considerations show that the set of minisum rectangles for the
rectangle location problem with feasible set R cannot contain only degenerated
rectangles. Obviously, degenerated rectangles include points as well as horizontal
and vertical linear curves (line segments, half-lines, straight lines). Besides that,
also the following objects are degenerated rectangles:

• Bent lines composed of a vertical and a horizontal half-line
• Bent lines composed of two vertical half-lines and a horizontal line segment and

vice versa
• Two parallel vertical or horizontal straight lines
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The following result shows that a nondegenerated minisum rectangle always exists.

Lemma 5.39. There always exists a minisum rectangle R∗ ∈ R. In particular, a
point cannot be a degenerated minisum rectangle and a degenerated rectangle can-
not be a unique optimal solution.

Proof. Let R̃ be a degenerated rectangle. For each fixed point Am ∈ D let Ym ∈ R̃
such that dm(R̃) = ‖Y −Am‖1. Note that a nondegenerated rectangle R ∈ R exists
such that Ym ∈ R for all 1 ≤ m ≤ M. Hence, we have f (R)≤ f (R̃) and a degenerated
minisum rectangle cannot be a unique optimal solution. This implies that a non-
degenerated minisum rectangle R ∈ R exists. Furthermore, using Lemma 4.7 and
the fact that R =

⋃
a>0 Ra we may conclude that a point cannot be a degenerated

minisum rectangle. 	

The following result states an incidence property for nondegenerated minisum

rectangles.

Theorem 5.40. There exists an optimal rectangle R ∈ R for the rectangle location
problem with feasible set R such that each vertex of R lies at an intersection point
of two direction lines.

Proof. Due to Lemma 5.39 we may conclude that there exists an optimal rectangle,
say R∗ = ∂ (([x1,x2]× [y1,y2]). Let

V0 =
(
x1,y2

)
, V1 =

(
x2,y2

)
, V2 =

(
x2,y1

)
, V3 =

(
x1,y1

)

denote the vertices of R∗. Furthermore let �i j denote the straight line through the
vertices Vi and Vj where i = 0, . . . ,3 and j = i + 1 mod 4. For a fixed point Am let
Ym ∈ R∗ such that dm(R∗) = ‖Ym −Am‖1 and define

Ji j = {m ∈ {1, . . . ,n} : Ym ∈ �i j}

where i = 0, . . . ,3 and j = i+ 1 mod 4.
If each line �i j contains at least one of the fixed points, then there is nothing to

show. Therefore, assume that the straight line �i j does not contain any fixed point
and define

�i j(s) :=
{(

x + s
y + s

)
:

(
x
y

)
∈ �i j

}
;

that is, li j(s) is a parallel translation of the straight line li j. Since R∗ is a minisum
rectangle it is also an optimal solution to the line location problem

min
s∈R

fi j(s) = ∑
m∈Ji j

ωm min{�1(Y −Am) : Y ∈ �i j(s)}

=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑m∈Ji j
ωm|s+ y2 −bm2|; i = 0, j = 1

∑m∈Ji j
ωm|s+ x2 −am2|; i = 1, j = 2

∑m∈Ji j
ωm|s+ y1 −bm2|; i = 2, j = 3

∑m∈Ji j
ωm|s+ x1 −am2|; i = 3, j = 1

.
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Since a minimizer of fi j(s) has to be a weighted median, it follows that s = 0 cannot
be a unique optimal solution and there has to exist s �= 0 such that the straight line
�i j(s) contains a fixed point. But then the rectangle defined by R∗ and �i j(s) is also
a minisum rectangle having at least one side on a direction line. In this way we can
obtain a minisum rectangle having all four sides on direction lines. This implies the
assertion. 	


There are O(M2) intersection points of two distinct direction lines. For each in-
tersection point V there are at most (M −1)2 rectangles R ∈ R having their bottom
left vertex at V and the remaining vertices at other intersection points. Hence, there
exist O(M4) rectangles satisfying the incidence property of Theorem 5.40. One of
these rectangles is a minisum rectangle. Therefore, a finite dominating set is in-
duced by Theorem 5.40. Using a brute-force algorithm, this FDS can be evaluated
in O(M5) operations.

The following example shows that Theorem 5.40 only states a sufficient but not
a necessary condition; that is, an optimal rectangle does not need to have vertices at
intersection points of direction lines.

Example 5.41. Consider the eight fixed points depicted in Fig. 5.7 where

A1 = (−2.1,0), A2 = (−1.9,0), A3 = (0,1.9), A4 = (0,2.1),
A5 = (0,−2.1), A6 = (0,−1.9), A7 = (1.9,0), A8 = (2.1,0).

For each fixed point assign a weight ω = 1. Then each rectangle R with external
fixed points A1,A4,A5,A8 and internal fixed points A2,A3,A6,A7 is an optimal so-
lution with objective value f (R) = 0.8. In Fig. 5.7 the set of optimal rectangles is
marked by a gray area; each rectangle which is contained in this area is an optimal
solution.

Fig. 5.7 Illustration of Example 5.41

5.6 Concluding Remarks

The results of this chapter show how to use the theory of previous chapters in order
to obtain results for related problems. By transferring properties of the point–circle
distance to the point–rectangle distance it is possible to obtain discretization results
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for the rectangle location problems considered in this chapter. These results pro-
vide a bridge between continuous optimization and discrete optimization. Using the
geometric description of minisum rectangles it should be possible to develop more
efficient algorithms for rectangle location problems. For the rectangle location prob-
lem with feasible set Ra a simple idea is already stated that reduces the complexity
of Algorithm 5.1 from O(M4 logM) to O(M3 logM). Similar approaches seem to
be possible for the problems with feasible sets Rp and R.

The converse problem to the rectangle location problem studied in this chapter
is also of interest. Which properties remain valid if weighted Manhattan norms are
used in order to define diamonds and the Tschebyschow norm is used to measure
distances? From a geometric point of view, also a generalization of the problem to
the location of axis-parallel parallelotopes in any dimension n ≥ 2 is a possible line
of further research. For this problem it is also of interest to use a polyhedral norm
having an axis-parallel parallelotope as unit ball for distance measuring.

Further interesting rectangle location problems include the problem of locating
a rectangle with equal area. A first analysis of this problem has shown that this
problem leads to a nonlinear global optimization problem. The theory presented in
this chapter can be used in order to reduce the equal area problem to a finite number
of convex optimization problems. The minimax version of the rectangle location
problems with feasible sets Ra and R is studied by Abellanas et al. [AHI+03].
Further related problems are considered in [BBDG97, BG02, CS07, SV01].



Chapter 6
Extensions

In previous chapters hypersphere location problems have been studied where the
objective consists of minimizing the weighted distances between a finite number of
fixed points and a hypersphere. In Chapter 4 a generalization of the basic model has
been considered where two unequal norms are used in the problem definition, and
in Chapter 5 the special case of weighted Tschebyschow norms in the Manhattan
plane has been discussed. A lot of extensions of these problems are possible. In
the concluding remarks of previous chapters some possible extensions and lines
of further research were already mentioned. In the following two extensions are
discussed in more detail.

Positive and Negative Weights

Except for the weights ωm associated to the fixed points in D we assume the same
setting as in Chapter 3. For the weight ωm of a fixed point Am we allow a positive
or a negative value. Obviously, the case ωm = 0 is not of interest. The problem
considered in the following is called minisum hypersphere problem with positive
and negative weights.

For the sake of distinction between fixed points with positive weights and fixed
points with negative weights the following notation is introduced.

Notation 6.1. Given a set of fixed points D ⊆ R
n let

D+ = {Am ∈ D : ωm > 0}, D− = {Am ∈ D : ωm < 0}.

It turns out that properties of the present problem rely on the weights associated to
the fixed points. Therefore, we introduce the following notation.

M.-C. Körner, Minisum Hyperspheres, Springer Optimization and Its Applications 51, 103
DOI 10.1007/978-1-4419-9807-1 6, c© Springer Science+Business Media, LLC 2011
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Notation 6.2. Let W denote the sum of positive and negative weights associated to
the fixed points in D , i.e.,

W :=
M

∑
m=1

ωm.

If D− = /0 then the present problem is equivalent to the minisum hypersphere
problem of Chapter 3. The case D+ = /0, i.e., D = D−, leads to a trivial, unbounded
maximization problem. In the following it is assumed that both D+ and D− are not
empty. Properties of the minisum hypersphere problem with positive and negative
weights may differ strongly from the minisum hypersphere problem with positive
weights. Due to the negative weights, the objective value of the present problem
is not bounded below in general and instances exist where the objective value can
get arbitrarily small. For the corresponding Weber problem with positive and nega-
tive weights (also known as semiobnoxious facility location problem) the following
result is known which goes back to Drezner and Wesolowsky.

Lemma 6.3 ([DW91]). For the Weber problem in R
n with positive and negative

weights the following applies:

• If W > 0 then the optimal location is finite.
• If W < 0 then the optimal location is at infinity.

Further results on the semiobnoxious Weber problem may be found for instance in
[DW91, CHJT92, ND97, OT03]; surveys are given by Carrizosa and Plastria [CP99]
as well as by Lozano and Mesa [LM00]. In the following it is shown that a similar
result to Lemma 6.3 applies to the minisum hypersphere problem with positive and
negative weights.

Theorem 6.4. Let ‖ · ‖ be a norm in R
n.

• If W > 0 then the objective function of the minisum hypersphere problem under
norm ‖ · ‖ is bounded below

• if W < 0 then the objective function is not bounded below

Proof. Let W > 0. We first show that any optimal hypersphere intersects the convex
hull of the fixed points D . To this end, let S(X ,r) be a hypersphere such that

conv(D)∩S(X ,r) = /0.

We distinguish the cases D ⊆ B(X ,r) and D ∩B(X ,r) = /0 where B(X ,r) denotes
the closed ball with center X and radius r. In the former case there exists r′ < r such
that D ⊆ B(X ,r′). Hence, we obtain

f (S(X ,r))− f (S(X ,r′)) = (r− r′)
M

∑
m=1

ωm = (r− r′)W > 0.
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In the latter case there exists r′ > r such that D ∩B(X ,r′) = /0. In a similar fashion
it may be obtained f (S(X ,r))− f (S(X ,r′)) > 0. Hence, in both cases it can be
concluded that any optimal solution has to intersect the convex hull of the fixed
points D . Thus for any S(X ,r) ∈ G we have

f (S(X ,r)) > ∑
m:Am∈D−

ωmdm(S(X ,r)) ≥ diam(D) ∑
m:Am∈D−

ωm; (6.1)

that is, f (S(X ,r)) is bounded below.
Now, let W < 0. We construct a series of hyperspheres whose objective values

go to −∞. To this end, let W < 0 and let S(X ,r) be a hypersphere such that

conv(D)∩S(X ,r) = /0, D ⊆ B(X ,r).

For all r′ > r we have

f (S(X ,r′))− f (S(X ,r)) = (r′ − r)
M

∑
m=1

ωm = (r′ − r)W < 0.

Thus, we may improve the objective function by increasing r, i.e.,

lim
r→∞

f (S(X ,r)) = −∞.

	

Remark 6.5. Based on Theorem 6.4 the minisum hypersphere problem with positive
and negative weights can be studied for the case W > 0.

Extensive Facilities

Under the keyword extensive facilities a lot of problems have been studied in the
literature where a new facility has to be located which cannot be represented by
a point. Examples for this situation include the problem of locating straight lines
(cf., e.g., [Sch99]), line segments (cf., e.g., [AEST93, ILY92, ES94]), and regular
rectangular arrays of grid points (cf., e.g., [Pla91, RBFT99]). Also the minisum
hypersphere problem may be considered as an extensive facility location problem.
In the following we analyze the minisum hypersphere problem in the situation where
also the fixed points are extensive, i.e., in the following we substitute the fixed points
in D by closed and bounded subsets Am ⊆ R

n. As in previous chapters we assume
that M ≥ 2 sets Am are given. Furthermore, we assume that a positive weight ωm > 0
is associated to each set. We use the denotation demand regions in order to refer to
the sets Am, 1 ≤ m ≤ M. D is in the following the set which contains all demand
regions. Similar to the point–hypersphere distance we define the distance between a
hypersphere and a demand region.
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Definition 6.6. Let ‖ · ‖ be a norm in R
n, let S = S(X ,r) be a hypersphere, and

Am ∈ D a demand region. The distance between S and Am is given as

d(S,Am) = min{‖Z−Y‖ : Y ∈ Am,Z ∈ S}.

As in previous chapters, we use the abbreviation dm(S) in order to refer to d(S,Am),
1 ≤ m ≤ M. Using this notation the minisum hypersphere problem discussed in this
part may be written as

min f (S(X ,r)) =
M

∑
m=1

ωmdm(S(X ,r)).

Depending on the shape of the demand regions Am it can be easy or very diffi-
cult to compute the distance between a hypersphere S(X ,r) and Am. Thus, the shape
have a large impact on the solvability of the minisum hypersphere problem. A natu-
ral choice for the shape of the demand regions is a closed ball induced by the same
norm ‖ · ‖ that we use to define the distance dm(R) and the set of hyperspheres G .

For all m = 1, . . . ,M, let

Am = B(Am,rm) := {Y ∈ R
n : ‖Am −Y‖ ≤ rm}

where Am ∈ R
n and rm > 0; that is, each demand region Am is a ball with center Am

and radius rm. For such demand regions the following result applies.

Lemma 6.7. Let ‖·‖ be a norm in R
n, let S = S(X ,r) be a hypersphere, and Am ∈D

a demand region such that Am = B(Am,rm) for some Am ∈R
n, rm > 0. Then we have

d(S(X ,r),Am) = max{0,d(S(X ,r),Am)− rm}.

Proof. Using Lemma 3.1 we obtain

d(S(X ,r),Am)− rm = |‖X −Am‖− r|− rm.

We distinguish between four cases (see Fig. 6.1):

(i) |‖X −Am‖− r|< rm and ‖X −Am‖ < r.
(ii) |‖X −Am‖− r|< rm and ‖X −Am‖ ≥ r.

(iii) |‖X −Am‖− r| ≥ rm and ‖X −Am‖ ≥ r.
(iv) |‖X −Am‖− r| ≥ rm and ‖X −Am‖ < r.

We start with case (i) and define

Z = Am +
r−‖X −Am‖
‖X −Am‖ (Am −X).

Then

‖Z −X‖=
∥∥∥∥
(

r−‖X −Am‖
‖X −Am‖ + 1

)
(Am −X)

∥∥∥∥ = r,
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i.e., Z ∈ S(X ,r). Furthermore, ‖Z−Am‖= |r−‖X −Am‖|< rm, i.e., Z ∈Am. Hence,
it follows d(S(X ,r),Am) = max{0,d(S(X ,r),Am)− rm} = 0.

In case (ii) we define

Z = Am +
‖X −Am‖− r

‖X −Am‖ (X −Am)

and obtain analog to the previous case d(S(X ,r),Am) = 0. Hence, d(S(X ,r),
Am) = 0, provided that

|‖X −Am‖− r|− rm = d(S(X ,r),Am)− rm < 0.

Now, we consider case (iii) and define

Y = Am +
rm

‖X −Am‖(X −Am), Z = X +
r

‖X −Am‖ (Am −X).

Then ‖Am −Y‖ = rm and ‖X −Z‖ = r; that is, Y ∈ Am and Z ∈ S(X ,r). Hence,

d(S(X ,r),Am) ≤ ‖Y −Z‖

=
∥∥∥∥
(

rm + r

‖X −Am‖ −1

)
(X −Am)

∥∥∥∥
= |rm + r−‖X −Am‖|
= |rm −|‖X −Am‖− r||
= |‖X −Am‖− r|− rm.

Choose any Y ′ ∈ Am, Z′ ∈ S(X ,r). Then,

‖Y ′ −Z′‖ ≥ ‖X −Am‖−‖X −Z′‖−‖Y ′ −Am‖
= ‖X −Am‖− r− rm

= |‖X −Am‖− r|− rm.

Hence, in case (iii) we have d(S(X ,r),Am) = d(S(X ,r),Am)− rm. Defining

Y = Am +
rm

‖X −Am‖(Am −X), Z = X +
r

‖X −Am‖ (Am −X),

we obtain the same result for case (iv). Summarizing, we obtain the assertion:

d(S(X ,r),Am) = max{0,d(S(X ,r),Am)− rm}.
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Case (i).

a b

c d

Case (ii).

Case (iii.) Case (iv).

Fig. 6.1 Illustration of the four cases considered in the proof of Lemma 6.7

Remark 6.8. Note that the minisum hypersphere problem with demand regions is
similar to the minisum hypersphere problem discussed in Chapter 3. In particular,
the objective value of the latter problem is an upper bound on the objective value of
the former problem. It seems possible to generalize many properties to the minisum
hypersphere problem with demand regions. For instance, it is clear that any optimal
solution has to touch at least one demand region.
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generalized circles. J. Global. Optim., 2010.

[KM90] N. Korneenko and H. Martini. Approximating finite weighted point sets by hyper-
planes. In SWAT ’90: Proceedings of the 2nd Scandinavian Workshop on Algorithm
Theory, pages 276–286, 1990.

[KM93] N. Korneenko and H. Martini. Hyperplane approximation and related topics. In
J. Pach, editor, New Trends in Discrete and Computational Geometr, pages 135–162.
Springer, 1993.

[KN73] H. Kramer and A.B. Németh. Equally spaced points for families of compact sets in
Minkowski spaces. Mathematica (Cluj), 15:71–78, 1973.

[Kno93] W. R. Knorr. The ancient tradition of geometric problems. Dover Publications, 1993.
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